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BBenenue

[Toste komtiekenbix nces C, mosydaemoe u3 1moJist JeHCTBUTEIbHBIX TNCET
R mpucoeannenneM KOpHS KBaJIpaTHOTO U3 -1, OKa3bIBAETCS aaredpaniecku
3aMKHYTbIM (cM. Teopemy [17.3)): Besikuit MHOTOWIEH, He PABHBI KOHCTAHTE,
nMeeT XOTs Obl OJINH KOMILJIEKCHBII Kopenb. [lo cpaBHenuio ¢ mojem JieficTBu-
TEJIbHDIX YHCeJI, [10J1e KOMIIJIEKCHBIX YUCesI JINIICHO JUHEHHOI yIopa 10YeH-
HOCTH, €CTECTBEHHBIM 00OPAa30M COTJIACOBAHHON C ONEpPAIMAME CJIOXKEHUS U
YMHOZKEHU, OJIHAKO OHO HACJIe/lyeT CTPYKTYPY HOPMUPOBAHHOCTH, T.€. MO-
JLyJist, KOTOPBIN 00/1a/1aeT BCEMU CTAHIaPTHLIMU CBOWCTBAMU: MOJLYJIb ITPOU3-
BeJICHN, CYMMBI, HEOTPUILATEJIbHOCTb U T. II.

Omnucannbie Boitie coiicTsa noJist C npuBoidaT K anaan3y QyHKIUNH KOM-
IIJIEKCHOI TIepeMeHHoil OoJiee coBepIIEHHOMY YeM aHan3 (PyHKINit JeficTBI-
TebHOI TepeMenHoil. Tak, HanmpuMep, KOMILIEKCHAS SKCIIOHEHTA €° MOPOK-
JaeT TPUTOHOMETpHYecKre PyHKINN Sin 2, cOs 2, a TaKyKe TUInepOoImIecKne
dynkmum sh z, ch z. MupoBble KOHCTAHTBI, — YnCJIa € U T, — TaKyKe MPOUC-
XOJSAT OT KOMILJIEKCHO 9KCIOHEHTHI. Teopust (yHKIUIT KOMILJIEKCHOT'O TIepe-
MEHHOT'O MOYKET ObITH Ha3BaHa MHaUe KaK TeOpUs aHAJIUTUICCKIX (DYHKITHII,
T.e. PYHKINI TPEJICTABUMBIX B BIJIE CYMMBI CTEIIEHHOTO Psjia

co+ c1(z — 20) + ea(z — z0)2 + .o teplz—20)" + ..

1 BO MHOI'OM IIOXO?KNX Ha MHOI'OYJICHDBI.

OpHa u3 BepimH Teopun (MYHKIMI KOMILIEKCHOTO ITepeMeHHOro — dhop-
My.s1a Ko, mosBosistioniast HaXoIUTh 3HAUEHN aHAJIUTUYIeCKO (DyHKINN B
KpyTre, KOJIb CKOPO U3BECTHBIC €€ 3HAYCeHUd HAa OKPYKHOCTU (CM. ypaBHEHUE
(32))‘ DTO NPUBOAUT K NPUHIUIY aHAJIUTHIECKOIO MPOJIOJIZKEHUs: €C/II JIBe
aHaJNTHIecKne (DYHKINI COBIAIAI0T HA CKOJIb YTOJHO MAJIOil KpUBOil (Tem
boJiee B HEKOTOPOM MAaJIOM prre), TO OHM COBIIaJIalOT Bciojy. VHBIMU cJ10-
BaMU, 3HAHUE AHAJUTHIECKON (DYHKIUN JIOKAJIBHO, B IIPOM3BOJILHO MaJIOii
OKPECTHOCTHU KaKO-JIN0O TOYKM, OJHO3HAYHO BOCCTAHABJIMBACT BCIO (DYHK-
I[IIO B II€JIOM. DTa rapMOHUYHAS CBA3b JIOKAJLHOIO U IVI00AJILHOTO POSBIIsI-
eTcst HauboJIee OTYET/IMBO B OCHOBHOM (DOpMYJ/ie BBIYUC/IEHUsI UHTerpaJia, 1o
3aMKHYTOMY KOHTYPY; TaKOl MHTerpaJl MOKeT ObITh HaliJIeH ITOCPEeICTBOM
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JIOKAJIbHBIX BEJINYUH — BBIYETOB, KOTOPBIE MPEJICTABJISIIOT BAXKHENIITYIO JIC-
JIOBYIO XapaKTePUCTUKY TeX TOUYeK, B KOTOPBIX HAPYIIAETCS aHATUTHIHOCTD
(em. Teopemy 20.4).

CogepiteHCTBO Teopun PYHKINNH KOMILIEKCHOIO IIEPEMEHHOI0 IIPOSIBJISIET-
Cd U JAPYIOM — OHA MOXKeT OBbITh M3JIOYKeHa He3aBUCHMO OT TeOPUU (DyHKIIN
JIefiCTBUTEILHOI 1IepeMeHHoi. FanHncTBeHHbIil (hyH1aMeHT Teopun QyHKITHT
KOMILJIEKCHOI'O TI€PEMEHHOI0 — MoJie JefiCTBUTEJbHBIX YUCesl C aKCUOMaMU
110J1s1, aKCHOMOIT Apxume/ia (,HJIH JII0OOI0 JIeiCTBUTE/ILHOIO YHUCa T HaliIeT-
Cd HaTypaJbHOE YUCJI0 M, IIPEBOCXOJdIIee T) 1 aKCHMOMOIl HeIpepbIBHOCTNA
(rr0b0€e HelycToe N OrpaHUYeHHOe CBEPXY MHOYKECTBO JIEHCTBUTEIBHBIX -
ceJl IMeeT TOUHYIO BEPXHIO TpaHb). O HAKO, BO n30e:KaHUN IPOMO3IKOCTH
pacCy>KJIeHnit, B JJAHHOM ITI0COOMU UCIIOJIb3YIOTCA M CUNTAIOTCST UNTATEI0 U3~
BECTHBIMHU OCHOBHBIE (paKThI JuddepeHajlbHOro 1 1 HTHTErPaIbHOIO NCINC-
JleHnsl (PYHKITUU OJIHOM JIeHCTBUTE/ILHOIM TIepeMEHHOI, a TaK»Ke HEKOTOPhIE
CBeJICHUS U3 TeOPUU PAJIOB U KPATHLIX UHTErPaJIOB.

B nmocobun m3/ozKeHbl MMEHHO OCHOBBI TEOpUU (PYHKINN KOMILIEKCHOTO
[IePEeMEeHHOI'0 ¢ MHOTOYHUC/IEHHBIME IIpUMepaMu. ABTOD TIATEIHLHO n30eral
TEXHUYECKU CJIOZKHBIE JIOKA3aTe/IbCTBA, Jleslasl aKIIeHT Ha IIPUMEHEeHUe ollpe-
neseHuit, (hopMysT 1 TeopeM MPU PEIIeHnN CTaHIaPTHBIX 3aJ1ad.



1 TIlone KOMILJIEKCHBIX YHCeJI

Brepsble KoMILIeKCHBIE duc/a MossBUINCh B Tpyae k. Kapmano "Benukoe
nckyccrBo, mwin O6 asnrebpamdeckux mpasumiaax" (1545 r., Mutan, Urasmms).
[Tostb3y 9THX HOBBIX HHCEJI, HA3BIBAEMBIX B TO BpeMsi "MHUMBIMU BeJINYIN-
wamu", onerun P. BombGesn (1572 1., Bosonbst, Uraius), npumensist ux
JUIsl pelleHns KyOmdecKux ypaBHeHuii. [lojiroe Bpemst BpeMsi CyITHOCTb U
POJIb KOMILJIEKCHBIX YHCeJI OCTaBaJlach 3arajlouHoil. FI3BecTHO, HAIIpUIMED, ITO
1. Hororon He Bk/to4as "MHUMBIE BeJIM4IuHb" B mongaTue 4nciaa. JIpyromy
cosnareso auddepennuagabHoro ucunciaenud 1. Jlefibauiy mpuHaiieKuT
dpaza "MuauMBIE YnCIa — 9TO IPEKPACHOE U dyIecHoe yoerKuine 00yKecTBeH-
HOT'O JiyXa, MOYTH 9TO amMdudust ObITusI ¢ HeObITHEM ",

[ToyrobHo ToMy Kak 3ajiada 00 U3MepeHnn AraroHa I KBaJpaTa co CTOPO-
HOfT eJIMHNTIA IJIH, Ha aJreOpantdecKoM A3bIKe, — pelleHne YpaBHeHusd T2 = 2
MPUBOJNT K TOABIEHUIO NPPAITMOHAJILHBIX YUCET U TeM CAMBIM ITPUBOJINT K
PaCIIIPEHHIO T10JIs1 palMoHaAIBHBIX drces Q 110 1oJist 1eficTBUTEIbHBIX TNCET
R, Tak 1 moTpeOHOCTH HAXOUTH KOPHU y JIIOOOI0 KBaJIpATHOIO TpeXdjeHa,
HAIIpUMeD, y Tpexusiena 22 + 1, IPUBOIHUT K TOABJICHNIIO KOMIICKCHBIX THCEJ
1, B YaCTHOCTHU, K KOPHIO KBaJIpaTHOMY 13 -1.

Omnpenenenune 1.1. [loaem Komnaexchoixr vucens Ha3bIBAETCS HANMEHbBIIIEE
roJte, cojlepzkatiee R Kak mosmose, B KoTopoM ypasaenne x2 4+ 1 = 0 muveer
KOPEHb.

Teopema 1.2. Ilone KOMNAEKCHBT “UCEA CYWECMBYEM U eOUHCTMEEHHO C
MoYHoCcmbI0 do u30MOPPHUMaA Had NoOAEM JeTLCMBUMEALHDIT YUCEN.

Joxazamensvcmeo. [lokaxkeM cHavdasa e JMHCTBEHHOCTD. [IycTh P — 1moJie KoM-
mekcnbrx ances. O6o3naamnM vepes ip € P permenmne ypasaennd o2 + 1 = 0.
Pacemorpum MuOKecTBO P = {a +Db-ip | a,b € R}. IIpoepum, 4to 910
MHOKECTBO 3aMKHYTO OTHOCHTE/IbHO CJIOKEHUsI U YMHOXKEHUsI U TeM CaMbIM
obpasyeT IO0JIKOJIbIO B P:

(a1 + blip) + (CLQ + bgip) = (CL1 + CLQ) + (bl + bg)ip;
(a1 + blip) . (CLQ + bgip) = (CL16L2 — blbg) + (Cleg -+ blag)ip.
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B cuy Toro, uro ip ¢ R, nojydaem, 4To ajeMeHT a + bip paBeH HyJIIO TOIJIa
1 TOJIBKO TOrJIa, Korja jinbo a = 0 jqubo b = 0. Ecim a+bip # 0, To 3/1eMeHT

a —b

pe P
Zre Tt

SIBJISIETCS OOpATHBIM K 3JIEMEHTY @+ bt p, 4TO NpoBepsieTCst MPSIMbIM ITEPEMHO-
xkerneM. Jlokasano, uto P ectb moanose noss P. B Bugy MUHEMAILHOCTH
P, momydaeMm paBeHCTBO P = P. Ecnu Q) = R+ 1gR — npyroe nose xom-
ILJIEKCHBIX 9HUCEJI, TJIe Z2Q = —1, To orobpazkenue a+b-ip — a+ig-b3anaer
n30MOP(MU3M IEPBOro TOJIsI Ha BTOPOE. DTOT N30MOPGU3M OCTABJISIET IOJIe
JefiCTBUTEJILHBIX YHce1, T.e. ynces suja a + 0 -1, = a + 0 - ig, Ha mecre.

3 nokazarebCcTBa €IMHCTBEHHOCTH BBITEKAET W OJHA U3 BO3MOYKHBIX
KOHCTPYKITHIT T10J1sT KOMILJIEKCHBIX dnces: mycTb C — MHOXKecTBO nap (&, y) ¢
JeficTBUTEIbHBIMU KOMIIOHEeHTaMu x, i. Onupenesinm Ha MHoxKecTBe C citoxke-
HUE U YMHOYKEHHE CJICTYIOMNUM CIIOCOOOM:

(351;3/1) + (5E27Z/2) = (5E1 + x2,y1 + y2);

(z1,91) - (w2, y2) = (2122 — Y1y, T1Y2 + Y172).

[IpsiMbIM c110COOOM HTPOBEPSIIOTCsT AKCHOMBI KOJIbIIA — aCCOIMATUBHOCTH, KOM-
MYyTaTUBHOCTD, JIUCTPUOYTUBHOCTE. POJTb € IMHIYIHOrO 3/IeMeHTa UTPAET Mapa
(1,0), kotopyto Oynem 0603HAYATH TPOCTO Kak 1 1, jaJiee, OyIeM OTOXK 1eCTB-
JATH ¢ jeficrBuTtenabupiM ancaom 1. [Tapy (0, 1) obosnadnm i n Ha30BeM Kom-
naexcrot edunuueti. Mmeem:

i =(0,1)-(0,1)=(0-0—-1-1,0-14+1-0)=(-1,0) = —1.

Tem cambim C comepzxut perenne ypasaenns 2 + 1 = 0. Jasee, nose neii-
CTBUTEJIbHBIX YHCeJ BKJaJbiBaeTcs B KOJibllo C mocpeicTBOM 0TOOPasKeHusI
r — (x,0). D10 3HAYUT, ITO

(xl,()) + (CI?Q,O) = (xl + 372,0) u (.2171,0) . (CCQ,O) = (Il . CI?Q,O)

a TakyKe PasHbIM YhCJIaM T, To € R cooTBeTCTBYIOT pasHbie napbl (x1,0) u
(22,0). B cBsa3u ¢ amum, OGyaeM OTOXKIECTBISTH JEHCTBUTENIBHOE THCIO T C



napoit (x,0) € C u 6yjem nucars x BMecto napbl (x,0). Torma

1 = T,

Yy = Y2.

(r,y)=x4yi=z+iyuxr+iyy =2+ iy <

JIns1 3aBeplleHns J10Ka3aTeIbCTBa TeOPEMbl OCTACTCs IIPOBEPUTD, YTO KarK-
J710e HeHyJieBoe KOMILIEKCHOe 9ncyIo oopaTnmo. Eemn w+iy # 0, To 22 +y? # 0
n

x Yt

B (4w —iy) P4y
x2_|_y2 :L.2_+_y2 o

= = 1.
$2+y2 x2+y2

@+¢w-(

ITpumep 1.3. Boeruncinm:
(24i)(3—-20)=6+3i —4i—2>=6—7+2=8—1

L, (144 =1+3i+37+i=-2+2i

Yucno x HasbiBaeTcsa delicmeumenvroti 4acmbvto KOMILIEKCHOTO YHCIA
2z = x + 1y u obo3Hauaercsa Re z, a y Ha3bIBACTCS MHUMOT 4acmvio 1 000-
sHagaeTcs Im z. KoMmiuiekcHbie qnciia n300pazkaioTcst TOYKaMU Ha [IJIOCKOCTH
Oxy m BeKTOpaMi ¢ HadaabHOI TOUKOI B HavaJje KoopAuHaT. [ Opn3oHTaIb-
Hasg och OX Ha3bIBaeTCsl JelicmBuUmMenvHotll ocvlo, a BepTuKaibHas och Oy
HasbIBaeTCss MHuUMOU ocvro. Ha puc. 1, a) m306pazkeHo KOMILIEKCHOe THCTIO
2 + 3i. Haxogum: Re(2 + 3¢) = 2 u Im(2 + 3i) = 3.

3i
2i

Iy

2+3i

3i
2i

Iy

3+2i

-2i

>
WDe
ve
—

-2i
-3-2i

2-2i

b)

Puc. 1: Ilose KOMILJIEKCHBIX YHCEJT



Omnpenenenune 1.4. KoMmIiniekcHoe 9NCI0 Z = T — 1 HA3bIBACTCS KOMNAEKC-
HO conpasicennvim K 2 = T + 1y. OTobpakenune z — Z HA3BIBAETCS CONPA-
AHCEHUEM.

ComnpsizkeHnne siBjisieTcst OMEeKTUBHBIM O0TOOparKeHneM KOMILIEKCHO I110C-
kKocTu Ha cebsi. C reoMeTpuyecKoil TOUKN 3peHUsi oliepallis COIPsizKEHUE 9TO
HE 4YTO MHOE KaK OTPaKeHHE OTHOCUTEJILHO JIeICTBUTE/ILHOI OCH.

Iy
3i z=2+3i
2i
i
-1 1 2 3 X
=2i
=3i

z=2-3i

Puc. 2: Conpsizkenne

PaBencTBo Z = z uMeeT MecTo TOTJIa 1 TOJILKO TorVia, Korja z € R. Kpome
9TOr0, COIpsizKeH#e 00J1a/1aeT CBOHCTBOM rOMOMOP(HOCTHU 10 OTHOMIEHUIO K
CJIOYKEHUIO U YMHOXKEHUIO:

21+ 20 =21+ 22, Z1%2 = 2122.

[IpoBepum BTOpoe paBeHcTBO. OOO3HAUNM 21 = X1 + Y1 U 29 = To + 11Ys.
Torna

Z1Z2 = (0122 — y1y2) + (T1Y2 + 122)1 =

= (2122 — 1y2) — (X1 +122)1 = (01 — iy1) (22 — Yoi) = Z1 - Z2
KaK 1 BCAKad CI/IMMeTpI/IH, COHpH)KGHI/Ie O6ﬂaﬂaeT CBOMCTBOM MHBOJIIOTUBHO-
CTH: Z = 2.
Omnpenenenne 1.5. Besunna 2z = 22+ y? Ha3bIBaeTCS HOPMOT KOMNAEKC-

H020 “UCAG Z = T+1Y, & KODEHb KBaJIPATHBI 13 HOPMBI HA3BIBACTCHA MOJY.AEM
1 0bo3HATACTCS |2].

Nneem: |z| = /22 + 2.



3aMeTnM, 9T0 HOpMa KaK U MOJIY/Ib SIBJSIIOTCS HEOTPUIATEJLHBIMUI JIeii-
CTBUTEJIbHBIMU BeJIMYMHAMU U KaxKJasl X HUX paBHa () Torjia U TOJbKO TO-
r71a, KOrJja caMo KOMILJIEKCHOe Ync/io HyJeBoe. [loHgTie HOpMbI TPUBOJINT K
CJIEJIYIOIIEMY TIPABUITY JIeJeHUsT KOMILIEKCHBIX YUCEI: JIJIsT TOro, YTOOBI pa3-
JICJINTH OJTHO KOMILJIEKCHOE YNCJIO Ha APYTroe Ha/l0 YUCANTEb U 3HAMEHATEIb
JpOON YMHOXKUTDH Ha BEJIMYNHY CONPSIZKEHHYIO 3HAMEHATETIO.

ITpumep 1.6.

2+i_(2—|—z’)(1—|—2’)_1—|—3i_1+3
1—i (1—i)(1+4) 2 2 2

Teopema 1.7 (cBoiicTBa Momyst). J[as A10061E KOMNAEKCHOLT YUCEN 21, 22
UMENM, MECTNO COOMHOULEHUA!

a) |z1z| = |21 2], [21/22] = |21l / |2l
0) |21 + 22| < |2z1| + |22] (nepaserncmeo mpeyzorvrura);
B) |21 — 2| 2 |[z1] — |2]];

r) ecau x € R, mo modyav |x| = Va2 cosnadaem ¢ x 6 caywae x > 0 u
cosnadaem ¢ —x 6 cayuae T < 0.

Joxazamenvcmeo. Nmeem:
\2122|2 = (2122)(2122) = 2121 - 2022 = \21|2 \22|2,

OTKY/la CJIeJlyeT IIepBoe paBeHCTBO. BTopoe paBeHCTBO eCTh CJIeCTBUE Tep-
Boro. /lasee, HepaBeHCTBO TPEYrOJbHUKA SKBUBAJIEHTHO CJIETYIONIEMY:

121 + 20 < |21]* + 2| 21| | 22| + |22]?

nJjim
(21 + 22)(21 —|—22) < 2zZ1+ 2 |2’1| ’22| + 2929.

COKpaLuaH JIEBYIO U IIPaBYIO 4acCThb Ha 2121 U Z9Z9, HOJIyINM

21729 + 2921 < 2 ‘Zl| ‘ZQ‘ .
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Ob6osnavast 21 = 1 + iy1, 22 = To + 1Yo U BBIYUCISIA 2123 + 2921 = 2(x129 +
Y1Y2), CBOJIMM IOCJIe/IHeE HEPABEHCTBO K HepapeHcTBY Kommm-ByHsikoBckoro:

(12 + ) < \J23 + 03\ /23 + 3,

KOTOPOE JOKa3bIBaACTCA €II€ OAJHUM BO3BE€IACHNEM B KBa/JdpaT.

VrBepikienue B) CIeyeT U3 HEPABEHCTBA TPEYTrOJIbHUKA:
21| = [(21 — 22) + 22| < |21 — 29| + | 22|,

oTKyza | 21| —|22| < |21 — 22|. AHasornvHO JOKA3BIBACTCST HEDABEHCTBO, | 29| —
21| < |21 — 22|. U3 91ux nByX HEpaBEHCTB CJIeyeT yTBEPK/IEHHE B). O

CraencrBue. Mnooicecmso KOMNACKCHDIT YUCen € eUHUSHBIM MOOYAEM
obpazyem nodepynny mysvmunauramusrot epynno. C*. Obosnavwum amy
nodzpynny S:

S={z€C||z| =1}.
Hazosem S EAUHNYHON OKPYKHOCTDBIO. Jl1060€ Henyresoe KoMnaekcHoe
YUCAO Z MOIHCHO 3anucamv 6 6ude z = 1-a, 2der € R™Y wa € S. Taxozo poda
aanucy edurcmeenna, npuvem r = |z|, a = é Hnomu carosamu, umeem
mecmo pasaoorcenue 2pynnse C* 6 npamoe npouseedenue R0 x S .

3AJIAYUN

1. BorancanTs: .
a) 5o b) (1+4)° ¢) "
1 7: Y Y Y

d) C+4)(1—-14), e (V3+)2, f) 1-9%.

2. Hapucosarh Ha KOMILIEKCHOIT IJIOCKOCTH JIMHUM, 38/[AHHBIE DABEHCTBOM:
a) |z—2|=3, b)|Rez|=2, ¢)lmz=3, d)" [z—2|+|z+2|=5

3. HapucoBaTb Ha KOMILIEKCHOI IIJIOCKOCTH 00JIaCTH, 3a/laHHble HepaBeH-
CTBOM:

a) |z —2]<3,0) =1 <Rez<2 ¢)|lmz| <3,d)" |z —2|—|2+2| >3

11



4. Pemurnb CUCTEMY JIMHENHBIX ypaBHeHI/II)’I Ha/J II0JIEeM KOMIIJICKCHBIX Y1 CeJI

(144d)z +2izo=—1414, 2z1+(1—4d)zo0=3+1

zt ;
5. Pemnrs ypasuenne = = 2 + .

r Yy
6. /lokazaTb, 9YTO MHOYKECTBO 2 X 2-MaTpPHIl BUJA Ha/l 110JIeM
JIeliCTBUTEJIbHBIX YUCEJ €CTh 110J1€ KOMILJIEKCHBIX YHCes, B KOTOPOM KOM-
0 1
[IJICKCHOM eJIMHUIICH CJAYZKUT MaTpUIa 10

2 HOC.HG,Z[OB&TGJII)HOCTI/I n pAabl KOMIIJIEKCHBIX YMCeEJI.

Onpenenenune 2.1. [locenoBareibHOCTE KOMILIEKCHBIX duCeT Z, (n € N)
CTPEMUTCSI K KOMILIEKCHOMY YHCIYy 2%, ecau jjist JitoOOro JIeiicTBUTEILHOIO
qyncaa € > 0, ¢cKoJib Obl MaJio OHO HU ObLIO, Hajijercs HoMmep N Takoii, 9To
|z, — 2*| < €, kKaK TosIBKO N > N.

Ecmn z, = xp,+1y, u 2* = x*+1y*, To paBeHcTBo lim 2, = 2* paBHOCUJILHO
TOMY, UTO X, — T* U Y, — Y* OJJHOBPEMEHHO, TaK KaK

|z, — 2| <e |z, —2*| < ¢

. . = |z, — 2*| < V2.
lyn —y'l <e yn =y <€

|z, — 2| <e=

meroT mMecTo OObIUHBIE CBOMCTBa Ipejesia — IpeJes CYMMBbI, IIPOU3Be-
nennst, yacTtaoro. [Ipejesr KoncranTHoil 1OC/I€/10BATEILHOCTH CYIIECTBYET U
paBeH 5Toit KoHcTaHnTe. Kpurepuit Komm TakzKe BBIIOJIHSIETCS JJI TOCTIEI0-
BATEJILHOCTEH KOMILJIEKCHBIX YHCEJT: €C/IH MOCJIeJ0BATEbHOCTD (2, )neN PYH-
JlaMeHTaJbHa, T.e. Jid Jitoboro € > 0 Haitgercs HoMmep N Takoii, 9TO Kak
TOJBKO N, m > N, Tak |z, — z,| < &, TO MOC/IEIOBATELHOCTD Z, HMEET
peJiedt.

Cymmoti pada Y~ zj HABHIBACTCA TPEJIEN TACTHIHBIX CYMM S, = 21 +
29+ ... + 2y DTOT psifl cTOOUMCA ABCONOMHO, €CIU CXOIAUTCST Pl Y oo o |2
2T ... n- PAL ) pis PAL 2 i—o %51
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3 abcomoTHON CXOJMMOCTH CJIEJLyeT CXOJUMOCTD psijia. AOCOJIIOTHAS CXO-
JIIMOCTB [IPOBEPSIETCS € UCIOTH30BaHNEM N3BECTHDBIX TPU3HAKOB (HAIpUMep,
Hanambepa, Korm u T.11.) J1/1s1 3HAKOIIOCTOSTHHBIX PSIJIOB.

ITpumep 2.2. VceranoBuM abCOJIIOTHYIO CXOAUMOCTD PsJIa

o0 ‘n .2 .3
Y =l st (1)
— = P+ =+ =+ ...
n? 22 32
—0
0JIB3YSICh HHTerpasibibiM npustnakom Korrn. JeficrBurensno, pag y -, ‘ﬁ‘
© 1 +00 dz
Y 0 oz CXOJUTCS, TAK KAK MHTEIDaJl f1 % = 1 cxoaured. 3aMeTHM, UTO

cymma psa (1) moxker ObITH peobpasoBaHa TakK:

o0 .
Eln LI Y

n2 22 42 32 52
n=0

Hamomuum, 4to B Kypce aHajan3a (GyHKIUI JeiicTBUTE/IbHOM TepeMeHHOI
OCHOBAHUE HAYPANOHDBLT JLOgapU¢J\/L06 NJIN YUCAO0 € OlIpeae/IdeTcda KaK IIpe-

n

JIeJI TIOCJIeJOBATEILHOCTH (1 + %) . pyroe mpencrapienne 4ucia € B BUJIE
CYMMBbBI pdlda UMEET BU:

oo

1 1 1 1
e:HJ+E+§+W+E+W:zbJ (2)

n=0

DTO YNCI0 U B aHaan3e MYHKIII KOMILJIEKCHOTO TIEPEMEHHOI0 UTI'PaeT Bazk-
Hefimyto poJib. M3BectHo, uro e &~ 2, 71.

3ATIAYUN
1. Haittu nipesen lim (1 + %)n

2. Haittu cymmy psiia Y- (@) .

3. Ilpn kakux z € C nocieaoBaTelbHOCTD 2" UMeeT Ipeet’!
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3 TomoJiornss KOMIJIEKCHOI IIJIOCKOCTH

Tomosorug KOMILJIEKCHOI IIJIOCKOCTH B OOIIIeM HUYEeM He OT/IMYaeTcs OT TO-
HOJIOTHH eBKJINI0BOI 11ockocTr. OIHAKO MOHSTHE MOJY/IsT KOMILIEKCHOTO
qHcJIa MO3BOJIET He TOJBKO 3aaTh 9TY TOIOJIOIUIO, HO 1 OIPEIe/INTh TaK1e
HOHATHS KAK OKPECTHOCTL, OIPAHNYEHHOCTE, OECKOHEYHO YIAJIEHHYIO TOUKY
caMbIM "3KoHOMHBIM" cIOCOOOM.

[Tpu onpenenenun npejesna GYHKINNA WK [TOCIEI0BATEILHOCTH BayKHYIO
POJIb UTPAET IMOHSATHE OKPECTHOCTH TOUKHM 2g. BO-1IepBbIX, onpeenM "cra-
JapTHYIO" OKpecTHOCTh — Kpyr 0e3 rpaHuibl pajgmyca p > 0 ¢ HmeHTpoM
B Touke 29. OH 3amaercs HepaBeHCTBOM |z — zg| < p. B obmiem, oxpecm-
HOCLIO MOYKU Z) HA3BIBAETCSI JII00O0E OTKPBITOE MHOYKECTBO KOMILIEKCHBIX
quces1, cojeprkaliee TouKy 2g. [Ipu arom nojgmuoxkectso G C C nasbiBaeT-
cd OMEPLIMDBLM, €CJIN BMeCTe € KarkJ0il TOuKoil MHOyKecTBO (G CONEP:KUT 1
KPYT JOCTATOYHO MAJIOrO PaJinyca ¢ eHTPOM B 3Toit Touke. [logMHOKecTBO
D C C nasbiBaercs samkrymowm, eciau jponoynenre C \ D oTkpbiTo, T. €.
ecn JiIs J11000it Toukn zg ¢ D Haiimercs dmcio p > 0 Takoe, 4TO Kpyr
|z — 2| < p ne nepecekaercst ¢ D. Ha cieyioniem pucynke n300pazkeHbr: a)
CTaH/IapPTHAsT OKPECTHOCTH TOYKU Zg, b) OTKpbITas 0byacth (G, ¢) 3aMKHyTast
obstacte D, d) obiacte M He sIBJISIFOIIAsICST HU OTKPBITOi, HU 3aMKHYTOI.

A

iy @

d) 1

Puc. 3: Tonosiorugd KOMIIJIEKCHOH IIJIOCKOCTH.
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Ecin M — kakasi-mu60 00J1aCTh Ha, KOMILJICKCHOI IIJIOCKOCTH, TO TOUKa, 2( €
C naswiBaeTca 2paruuHot oad amoti obaacmu, ecin 1000 KPyr ¢ HEeHTPOM
B 2o UMeeT obIne ToUKN Kak ¢ obyactbio M tak u ¢ jgonosnennem C\ M.
Ha pucynke d) Touku 21 U zp — IPaHUUHBIC, XOTsI T€pBas MPUHAJJIECKUT
M, a Bropasi He HpuHa JIe:KUT. MHOXKECTBO IpaHUYIHBIX To4ueK objactu M
obozuadaem OM u HasbiBaeM epanuyet obracmu M.

Ormernm 6e3 JI0Ka3aTeIbCTBA IIPOCTHIE CBONCTBA OTKPBITHIX U 3aMKHYTHIX
MHOZKECTB.

a) Ob6beuHeHre JIOO0T0 TUCIa OTKPBITHIX MHOYKECTB €CTh OTKPBITOE MHO-
JKECTBO.

6) Ilepeceuenne y1r060OTO UKCTAa 3AMKHYTBIX MHOYKECTB €CTh 3aMKHYTOE MHO-
JKeCTBO.

B) HepecequI/Ie KOHEYHOI'O 9MCJla OTKPBITHIX MHOZ2KECTB €CThb OTKPBITOE€ MHO-
2KeCTBO.

F) O6'be,HI/IHeHI/I€ KOHEYHOI'O 4YHcCJla 3aMKHYTbBIX MHOXKECTB €CTb 3aMKHYTOE
MHO>KECTBO.

/1) HyCTOe MHOZKECTBO, a TaK>Ke BCE€ KOMIIJIECKCHas ITJIOCKOCTDL fABJIAIOTCA OT-
KPBITBIMA 1 3aMKHYTBIMMW MHOXKECTBaMM OJHOBPEMEHHO.

e) Hns obnactu M C C srimouenne OM C M umeer MeCTO TOT/Ia U TOJBKO
toraa, Kornaa M — 3aMKHyTasi 00J1aCTh.

[TogmuoxkectrBo M C C HasbiBaercs oepanuveHHbiM, €Cid HalljeTcs Ta-
Kas koncranta R > 0, uro |z| < R mra moboit Toukn z € M. D10 B
TOYHOCTU O3HAYAET, 4TO 00s1acTh M IoMeIaeTcss B 3aMKHYTBHIN KPYT paJjiu-
yca R ¢ nentpom B HyseBoil Touke. BHelmHocTh TaKoro Kpyra ecTecTBEHHO
CIUTATH OKPECTHOCTHIO HECKOHETHO yIaJeHHOl TouKn 00. Beckoneuno yja-
JIeHHAasT TOYKA — 9TO HOBBIN 3JIEMEHT, CTaHJapTHAasT OKPECTHOCTH KOTOPOIl 3a-
JIAeTCsl HEPABEHCTBOM 2| > R 1 Ha KOTOPYIO PaCHpPOCTPAHSIOTCST OllepaIium
CJIOZKEHWS, YMHOXKEHUS U JIeJIEHUS CJIeTYIONIM 00Pa30M:
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= =0, cof+z=z+00=00 (z€Q),
00
g:oo’ XO-C=C-00=00 (CEC*:C\{O})

[Toste KOMILIEKCHBIX 9HCeI, HOIOJIHEHHOE 3JIEMEHTOM 00, C OIIPEIeICHHbI-
MU JIJISE HErO BBIIIE MPABUIAME, HA30BEM PACWUPEHHOT KOMNAECKCHOT NAOC-
KOCTNDI0.

s Busyaamusanuun OECKOHEYHO YAAJCHHON TOYKM IMOMECTUM KOMILICKC-
iy1o 11ockocTh C B TpexmMepHoe MPOCTPAHCTBO ¢ TPETheil JeKapTOBOil KOOp-
JUHATOH ( U pACCMOTPUM B 3TOM IIPOCTPAHCTBE ¢hepy eJIUHIIHOIO PaIyca
C LEHTPOM B HadaJjie KoopjuHaT. dTa chepa R, HazbBaeMas jajee chepoli
Pumana, 3anaerca ypasiennem x2 + y? + (2 = 1. Touxy N(0,0,1) naso-
BEM CeBepHBIM TOstocoM, a TouKy S(0,0, —1) Ha30BEM FOKHBIM MOJFOCOM.
[Tocrpoum cmepeozpaguueckyro npoexyuto chepvl Pumana na KomniexcHyo
naockocmy, T. e. orobpaxkenne § : R\ {N} — C rakoe, 1o 1 11060it TOU-
Kk P € R, we coBnajaroreii ¢ ceeptbim mostocoMm, Touku N, P u §(P) € C
JIeyKaT Ha OJTHOMN mpsiMoii (cM. puc. 4).

Puc. 4: Chepa Pumana

[TosyuaeMm OMEKTUBHOE COOTBETCTBUE MEXKy Toukamu cdepbl Pumana ¢
BLIOPOIICHHBIM CEBEPHBIM IIOJIIOCOM U TOUYKAME KOMILIEKCHOI mockocT. To-
rja ceBepHblit mooc N coOTBETCTBYeT OECKOHEYHO YAAJICHHON TOYKe 00 B
TOIIOJIOTMYECKOM CMBIC/IE: €CJIM 1I0CJIe0BaTe/ILHOCTEL Touek P, na cdepe Pu-
mana crpemutest K N, 1o s(P,) — 00 1 HaobOPOT, €/ MOC/IeI0BATEIbHOCTD
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KOMILJICKCHBIX YHCeJI 2, CTPEMUTCs K 00, TO § 1(2,) npubiuzKaercs K cepep-

HOMY TioJIocy 1o chepe Pumana.

4

3AJIAYUN

1.
2.

JlokazaTh CBOICTBa OTKPBHITHIX W 3aMKHYTHIX MHOYKECTB.
3ajiaTh crepeorpaduyecKyio MpoeKInio (opMyIamMmu:

P(z,y,() € R\ {N} — 3(P) = 5’14:_?

2x 2y —1—|—x2+y2)

. o1
r=x+1y —5 (2)=P ] )
Y (2) (1+x2—|—y2 L+ a2 +9y2 1+ 22+ 9?2

Omnucarh MHOXKECTBO HEIIOIBIKHBIX TOUEK IIPU cTepeorpadaecKoil mpo-
eKINH.

Omucarb 06pas §(7y) okpyzkHOCTH Y Ha chepe Pumana, mosydaemoii mpu
nepecedeHnn cepbl ¢ IJIOCKOCThIO, Ipoxodieii yepe3 ocb OC.

Omnucarpb mpaodbpassl npsambix © = Const u y = Const oTHOCUTETHLHO
crepeorpaUIecKoil MPOeKITIH.

Kaxne npeobpa3oBaHmsl KOMILIEKCHO IIJIOCKOCTH COOTBETCTBYIOT CJIe-
JYIONIIM JIBIZKeHIsAM cdepbl Pumana a) Bparmenne Bokpyr ocu O, 6)
OTparKeHne OTHOCUTEIbHO 110cKocT Ox(, B) OTpayKeHne OTHOCUTETHHO
mockoctn Oxy?

(DyHKI_[I/II/I KOMIIJIEKCHOI'O II€peMEeHHOTI'O.

[Iyctb D — HeKOoTOpOe MHOYKECTBO KOMILIEKCHBIX 4uces. ['oBOpAT, 4TO Ha
9TOM MHOXKECTBe 3ajiaHa (PYHKINS KOMILIEKCHOIO HepeMeHHoro w = f(z),
ecJin KaskJioif Touke z € D MOCTaBIeHO B COOTBETCTBHUE OHO (B Cilydae oJi-

HO3HAYHON (byHKIMN) Wjn OoJIbIlee IUCI0 (B Caydae MHOTO3HAYHOM (hyHK-
run) 3uadennii w € C. 9To coOTBETCTBUE 3a/a€TCs TTPABUIIOM, BBIDAYKEHHBIM
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60 B Buge (POPMYIIBL, HAIPUMED, W = 22 + Y + 1y?, b0 CJIOBECHO, HAIIPH-
Mep, 2z ¢ — BCe KOMIUIEKCHBIE KOPHU M-Oi crenenn u3 uncia z. OyHKIuo
KOMIIJIEKCHOI'O IIEPEMEHHOI'0 MOYKHO 3alliCaTh B BHUJIE

f(2) =u(z,y) + iv(z,y),
rie z = ¢ + 1y, a u(z,y) u v(x,y) — OGYHKIUE J1efiCTBUTE/IbHBIX TT€PEMEH-

HbIX 2, Y. Torga u(x,y) HassBaAOT deticmeumenvhot wacmolo gynkyuy f, a
v(x,y) — MHUMOT Yacmvbro FTON QYHKITIH.

[Mpumep 4.1. dna dbynxnun f(z) = 2 neficTBUTeNbHAsS YaCTh paBHa T2 —

y?, a MHIMas — 22y. TO MOXKHO 3anucaTh Tak: Re(z?) = 22 —y? u Im(2?) =
2xy.

Omnpenesienne 4.2. [Iycrs dbyuknus f(z) onpenesena B OKPeCTHOCTH TOUKN
209, KpoMe ObITh MOXKET caMmoil Toukn zg. [pedes dynwyuu f(2) npu z — 2z
pasen A € C, ecu 111 1106010 AfiCTBUTEIBHO Uncya € > 0 HaiieTcst 9uc/io
d = d(e) > 0 Takoe, 9TO JIJIsi BCEX TOUYEK Z U3 NPOKOAOMOLU OKPECTMHOCTU,
T.e. Jyist Touek ¢ yeaoBueM 0 < |z — 29| < O, BBINOJIHSETCS HEPABEHCTBO

1f(z) — Al <e.

[Ipeanosnoxkum rerepb, uro dyukiwms f(z) onpejeneHa B 000l TOUKe
BHEITHOCTH KPYTa JOCTATOYHO OOJIbIIoro pajmyca. lpedea ¢ymxuyuu f(z2)
npu z — oo pasen A € C, ecom juist oboro € > 0 mHaligercsa yucio R =
R(g) > 0 Tmakoe, 9T0 JiJIsi BCEX KOMILIEKCHBIX YUCET 2z € ycjioBueM |z| > R
BBITIOJTHsIETCST HepaseHncTso | f(z) — A| < e.

Dynkins oz) HABBIBACTCHA OECKOHEUHO MAAOT NPU 2 — Zp, ecan lim a(z)
Z—2Z20

0. Dr1a xe QyHKIMA HABBIBACTCH OECKOHEUHO M0 BbICUE20 NOPAIKG OM-

o ol2)
nocumeavno gynruuu B3(z) 6 mouke zy, ecim lim 3 = 0. 3amuceiBaem
Z—2

s1oT hakT TakuM obpazom: a(z) = o(B(z)). Umeror Mecto obbIdHbBIE CBOII-

CTBa IIpe/iesia 1 OECKOHETHO MaJIbIX BEJIMYNH — IIPEJIEST CYMMBI, TPON3BEIeHNUS
qacTHOro. CyMMma 6ECKOHEUHO MAJIBIX (BBICIIErO MOPsjIKa) €CTh OECKOHETHO
Mastasi (Beiciero mopsijika). [Ipousseienne 6ecKOHETHO MaJIoi (BBICIIETO MO~
psiJika) Ha OTPAHUYEHHYIO (DYHKIUIO €CTh GECKOHEYHO MaJjias (BBICIIEro Mo-

psijiKa).
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IMpengoxkenune 4.3. [lycmv zy = xg + iyo, v Pynxyus f(2) = u(z,y) +
iv(z,y) onpedesera 6 npoxosomot okpecmuocmu mouku zy. Tozda Kom-
naexchoe wucao a + ib pasno npedesy dynruyuu f(z) npu z — zy 6 mom
U MOABKO MOM CAYHaGE, K020a

a= lim wu(z,vy),
L—Z03Y—Yo

b= lim o(x,y)
T—T03;Y—Yo
Takxke Kak u JiJisl JIeiCTBUTEIbHON ITepeMeHHOMN, (DYHKINsT KOMILIEKCHOI
nepeMeHHoil f(2) nenpepwena 6 mouke 2y, €CJIU OHA OIMPEJIeIeHa B OKPECT-
Hoctu 910t Toukn u f(z9) = lim f(z). Henpepwsnocms na muoorcecmee
Z—Z0

o3HavaeT HEMPEPLIBHOCTD B KaXKJI01 TOUKE 9TOro MHOXKecTBa. V3 mpejioxe-
Hus 4.3 BBITEKAIOT OOBITHBIE CBOWCTBA HEITPEPBIBHBIX (DYHKIUI — HEIPEPhIB-
HOCTbH CYMMBbI, IIPOU3BE/ICHNUS, YACTHOIO U HEIIPEPBIBHOCTb KOMIIO3UINN JIBYX
HEeNpepPbIBHBIX PYHKIUI. Kpome 3TOro TornojiornaecKuMn cpejcTBaMm JIoKa-
3bIBaeTCd TeopeMa BeiiepmiTpacca: HenpepbiBHas (DYHKIUS Ha OrpaHUvIeH-
HOM 3aMKHYTOM MHOYKECTBE OrpaHuveHa U JOCTUTAeT CBOEr0 HAMOOJIBIIEro
110 MOJLYJIIO 3HAQYCHUSI.

3AJIAYUN

1. Jokazats HempepbiBHOCTE yHKINIT a) Re 2, 6) Im 2, B) |z|.

2. Haiitu nefictBuTeibHy0 U MEHUMYIO 9acTi (byHKIUI a) w = 23, 0) w=

1/z,B) w= g

. 4 2
2243 6) lim 2 +4z —|—3'

3. Haitrn npezen: a) lim = el 21

2—00 z—1

4. Cymecrpyer i npegen lim 27
Z—00

5. Haiitn obsiactb cyiecTBoBatust 1 00JIaCTb HENPEPBIBHOCTH (DYHKIUHI
In(z —y) +iv/1—y.

6. Haittu sunadenne dbynknmm In(z — y) + /3 — y B Touke 3 + 2i.
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5 JIpobno-nuHeitHass PyHKINS

Onpenenenue 5.1. OyHKINUSI BUIA W = Zjiz, riue a,b,c,d € Cuad—bec #
0, Ha3bIBaeTCcsa dpobro-sunetinoti. B qacTHOCTH JpOOHO-JIMHETHON dyHKIIIe

Oyzer BestKast aunetnan gynrkyus w = az + b (a # 0).

Jlpo6Ho-nneiinas byHKIUA HeolpeaeseHa B Touke —d/c, HO HETPYIHO
“Z+b 5 npn z — —d/c pasen oo. Ilonara-

BLIYICINTE, YTO Hpejesn QyHKiun 2
eM 110 ompejesiernio w(—d/c) = ~ 1/1, Kpome Toro, w(oo) = a/c. Torga
JApOGHO-JTHelHas (DYHKIHST 3a/1aeT OGHEKTHBHOE TPeodpa3s0BaHIe PACIIHDEH-
HOIT KOMIIJIEKCHOI IIJIOCKOCTH.

IIpennoxkenue 5.2. Obpammnasn x Ipobro-sunetinot Gynkyuu makoice 0y-
dem dpobro-sunetirnot. Komnosuuus dpodbro-surelinur gynryutl crosa 0y-
dem dpobro aunetinotli dynrxyuet. pobro-suretinvie dyrruuu obpadyrom
2pYNNY OMHOCUMEALHO KOMNOZULUL.

Jloxazamensvcmeo. Pe3ynbrar 1oJIcTAaHOBKY JIPpOOHO-/IMHETHONH hyHKINN ( =

25131 B JIPOOHO-/TMHEHHYIO (DyHKIMIO W = Z;éj:gz OyIeT CJIeIyIOIIIM:
a12+b
w — az cllz+d1 + by - (aga1 + c1b2)z + (agby + diby) (3)
UEh 4y (coa1 + cida)z + (coby + didy)
[Ipu sToMm

(agay + c1bo)(caby + dids) — (agby + dibs)(c2a1 + c1ds) =
= (a1d1 — Clbl)(agdg — Cgbg) 7é 0
CremoBaresbro, byukIiws (3)) sBisiercs apobHo-inneitnoit. ObparHast hyHK-
1Ust K JIpOOHO-JIMHENHOM pyHKINN w = % HOJIYYIAETCsI, €CJIN Pa3PENInTh
9TO COOTHOIIEHIEe OTHOCUTEILHO 2. [Ipu 3ToM mojtydnm z = —déUT_era'
aro da — (—b)(—c) = ad — be # 0. Posb eunntnoro ssementa B TpyIIie

SameTrnm,

JIpOOHO-TMHENHBIX (DYHKIINIT UTpaeT TOXKJECTBEHHasd (PYHKIUS W = 2z JIJIs
koropoit a =d=1,b=c=0. ]

Bameuanue 5.3. [IpeobpasoBanne (3) mokasbiBaet, 9T0 0TOOpaAKEHUE
a b az+b
— w =
c d cz+d
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sajiaer roMoMopdusm rpyiibl G L(2, C) HEBBIDOXKIEHHBIX 2 X 2-MaTpUIl Ha
I'PYIIY JpOOHO-JIMHEHHBIX IIpeodpas3oBaHuii. f1poM 3Toro romoMopdusma
SIBJISIETCS TTOATPYIIIIA BCEX CKAJSIPHBIX MATPUIL.

Jl1st u3yvdeHusi CBOMCTB JpOOHO-JIMHEITHBIX ITpeobpa3oBaHmil TOHAI00UTCS
MOHATHE MHBEPCUU OTHOCHUTEJIHHO OKPYXKHOCTHU 7 pajinyca R ¢ IeHTpoM B
rouke O. Touku P u P’ Ha3bIBAIOTCA UHEEPCHBIMU OMHOCUMENbHO 7Y, €CIII
OHU JIeZKAT Ha, OJIHOM JIyue, BBIXOdIeM n3 Toukn O U Mpou3BeJicHue pac-
cTosnuit oT Hux jjo Toukn O pasno RZ:

OP-OP = R?

Puc. 5: luBepcusg orHOCUTETBHO OKPY2KHOCTH.

[IpeobpazoBaHme eBKJINJIOBOII IJIOCKOCTH, IIEPEBOJISIIIEE BCIKYIO TOUKY P,
He copnagamonyio ¢ O B unsepcHyio Touky P’ nasbiBaercs uneepcueti. Ilpu
UHBEPCUU TOYKM OKPYZKHOCTH 7Y OCTAlOTC HENOJIBUKHBIMU, BHYTPEHHOCTD
kpyra OP' < R nepexoauT B BHEIIHOCTL 9TOr0 Kpyra 1 Haobopot. 13 onpee-
JIEHUs] MHBEPCUU BBITEKAET MeOMETPUIECKHIl cr1ocod MOCTPOEHNsT MHBEPCHOI
roukn P’ 1o 3aannoii rouke P (cM. puc. 5). Pacemorpum Juiib cirydait, Ko-
rjia P jexxut BHe Kpyra. [[poBognm KacaTenbHyIo K OKPYXKHOCTH 7y U3 TOUYKH
P. Ilycts A — Touka kacanns. OmmyckaeM MepHeHnKy/Isap u3 Todkn A Ha 1y
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OP. Unsepcuaga Touka P’ Oyner oCHOBAHUEM 3TOIO NEPICHIUKYJIApa. JTO
caeyer u3 1oa06ust rpeyroabaukos QAP u OAP:

OA  OPF

OP  OA

[Tpu maBepcun 1eHTp Kpyra, Touka O, 1mepexojnT B OECKOHETHO Y/IaICH-
nyio Touky. Haobopor, eciu P — oo, To P’ — O. Eciu eBKIngoBy 1m10c-

= R*=0A?>=0P-0OP.

KOCTB IIPEBPATHUTD B ILJIOCKOCTH KOMILJIEKCHOI'O IIEPEMEHHOI0 2 TaK, UTO TOUKA
O uzobpazkaeT HyJIeBOe KOMILJIEKCHOE YUCJI0, TO NUHBEPCHUs OyJIeT 3a/iaBaThCs

dopmyitoii

R* R?
g — — = —QZ
z |7
2
JeiicTBUTesibHO, Yncia z u |R7z OTJIMYAIOTCST TTOJIOKUTETBHBIM MHOZKUTEJIEM.
z
DT0 nokazbIBaeT, 4To ToUKN z 1 R?/Z nexkar na oanom ayue. lanee, |z| = |Z],
¥ TIO9TOMY
R? R?
2| - |=| = I2] - i = R%.
2]

SameTnM, 9TO ecau Ha puc. H ¢urcupoBarb Toukn P u M, a Touxky O
YCTPEMUTH B OECKOHEUHOCTH BJIEBO 110 NOPU30HTAILHON MPSAMOIl, TO OKpPYZK-
HOCTB 7y OyzeT nNpub/mM:KaThesd K HepHeHjauky/iapy B Touke M, a Touka P’
OyJIeT CTPEMIThCS K TOUKE, CHMMETPUIHO PP OTHOCHTETHHO 9TOTO TIepPIIeH 1~
KyJaspa. VIHBIMI cJIOBaMI, CUMMETPHsI OTHOCUTEJIBHO MPSIMOIl €CTh IIpeIe/lb-
HBIl cJlydail MHBEpCUUM OTHOCUTEJILHO OKPYYKHOCTH "OGeCKOHEYHO OOJIBIIOro
pajnyca.

JJ1sT BBISICHEHUST T€OMETPUYIECKOr0 CMBICIa JIPOOHO-JIMHEHHOTO peodpa-
30BaHUS CHAYAIa PACCMOTPHUM CIydail w = az, e a — KOMILIEKCHOEe THCII0
¢ equHUYHBIM MojyseM. [Ipu takom mpeobpasoBanuu paccrostaue d(zy, 22)
MeK/Iy TOUKAMU 21, 29 KOMILJIEKCHOII TJIOCKOCTH coxpaHsiercst. JleficTBuTe b
HO, d(z1,29) = |22 — 21| m

d(az1,az) = |azy — az1| = |a| |22 — 21| = |22 — 21| = d(z1, 22).

JInnaeitHoe oTobparkeHne w = z + b Takke 00J1aj1a€T STUM CBOICTBOM, HO B
OTJINYUE OT YMHOXKEHHsI HA G OHO He MMeeT HEOJBIZKHONW TOUYKHU (HyjieBast
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ToYKa Oy/IeT HElOJBUKHOI JII yMHOXKeHHs1). Bocroib3yeMest Cieiy oM
reoMeTpPUIeCKIM (PaKTOM: A1000e npeobpasosarue eskAudosoti naockocmu,
COTPAHANOULEE PACCTMOAHUSA, ECTND AUOO NAPAAACALHIT NEPEROC (CAyuat om-
CYMEMBUA HENOJBUNCHVLT MOUEK), AUO0 NoBopom. (Cayuat HAAUYUA HENO-
JBUNHCHOT MOUKU), AUOO CUMMEMPUET, OMHOCUMENDHO HEKOMOPOT NPAMOTU.
[ToBopoT cpean 3TUX ABMKEHUIT XapaKTepu3yeTcd TeM, UYTO y Hero poOBHO
0JIHa HENOJABMKHAA ToUKa. VTak, J0Ka3aHo, YTO YMHOHCEHUE HA KOMNAEKC-
HOE YUCAO C eOUHUNHBIM MOOYAEM ECTNB NOBOPOM. KOMNAEKCHOT NAOCKOCTAU
sokpye mouxu (.

IIpennoxxenne 5.4. Beakyro dpodHo-AuHedny0 GYHKUUIO MOHCHO NOAY-
YUMb KOMNO3UYUEL CAeYIOUUT NPeodPas3osaHul:

e (napanreavroill nepenoc) z — z + zy;

e (nosopom )z — a -z, 2de |a| = 1;

o (2omomemuas ¢ koappuyuernmom r >0) z — 1. z;
11

® (unsepcus+conpancenue) z — = — -.

ﬂO%CLSCHTw/L’bC?TLSO. CuhaygaJia 3aMeTHuM, 4TO

cz+d cz+d c 2 z+dfc

az+b afc(cz+d)—ad/c+b a ad—bc 1

B TOM cjy4ae Korja ¢ # 0, T. e. B TOM cjydae Koria JIpoOHO-THHEHHOe
npeobpasoBanue He spjgercs JuHeiiHbIM. CorjiacHo OnpeesIeHno APOOHO-
% He myJsesoe. JI1000e Hemy/eBoe KoM-
JIEKCHOE HCJI0 MOYKHO TIPEJICTABUTD BHJIE TIPOU3BEJICHUs 1 - a, Tjie |a| = 1 u

r € R”Y. Orciona cienyer pesymnbTar. ]

JINHEITHOT'O TIPeo0dpPa30BaHusl YKICJIO

[ox oxpyotcnocmuio 6 pacwuperrom cmuicae OyreM MOHUMATD JITOO OKPY K-
HOCTH B IIPUBBIYHOM CMBbIC/IE, JITOO TPAMYIO, KaK OKPYZKHOCTH OECKOHETHOTO
pajmyca. YpaBHeHUEe TaKoil OKPY»KHOCTH OyJIeT

A(2®+y*) + Bx+Cy+D =0, (4)
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rie A, B,C, D € R u nepsble Tpu K03pPUIMEeHTa He PABHBI OJHOBPEMEHHO
aysro. Ciaydait A = 0 coorBeTcTBYeT NMpsIMOit. 3aMeTHM, 9TO 9TO YpaBHEHUE
MOZKHO TE€PENUCATh B BU/JIE

Azz+ Mz + Mz + D =0, (5)
rie A, DeRuM=DB/2+C/(2i) € C.

Teopema 5.5 (KpyroBoe cBoOMCTBO). Beakas dpoono Aunetinas Gynruus
nePesodum OKPYHCHOCTG 8 PACULUPEHHOM CMBICAE 8 OKPYAHCHOCND 6 PACULU-
PEHHOM CMDBLCAE.

Joxazamesvcmeo. B Buay npejjioxenns 5.4 m TOro sjgeMeHTapHoro axra,
4TO TapaJUIeJIbHBIN MMEePEeHOC, OBOPOT, TOMOTETUS U CUMMETPUS MEPEBOIAT
OKPYZKHOCTb B OKPYZKHOCTb, a IPIMYIO B IPSMYIO, JIOKA3aTEJIbCTBO JOCTa-
TOYHO IIPOBECTHU JIJIsT UHBEPCUU W = % [Iycts (5) — ypaBHEHUE OKPYKHOCTH B
pacmmpennoM cMbicie. Torma z = % u ypasHenne () mepenucbBaeTcs Tak:
A M M
ww W w
i

A+ Mw+ Mw + Dww = 0

D10 ypaBHeHe TaKKe 3a/1aeT OKPY?KHOCTh B PACHIMPEHHOM CMBICJIE HA, TLJIOC-
koct w (npu D = 0 moJjiydaeM mpsiMyo). O

ITpumep 5.6. Haiinem obpasbl JIefiCTBUTENBHON OCH, MHUMON OCH U e-
Z—1

HUYHON OKPYZKHOCTH OTHOCHUTECJIBHO ,ZLpO6HO JINMHEMHON (byHKIlI/II/I w = Pl

Boraucsius 3nauenus
w(0)=-1, w(l)=—i, w(-1)=1i, w(E)=0, w(—i)=o0

¥ BOCIIOJIB30BABIIICH KPYTOBBIM CBOficTBOM, HaxouM, 9to w(R) = S, w(iR) =

R, w(S) = iR.

ITpumep 5.7. okaxkem, 4TO IpU JIIOOOM a € S U JIIOOOM KOMILJIEKCHOM (v,
He TPUHA/IEKAIEM eJIMHIIHON OKPYKHOCTH, JIPOOHO-THHeHas (DyHKINS

CJIEJIYIOIIErO BUJIA:
Z—
w = (6)

a———
1 —az
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oToOparkaeT eIMHUYHYI0 OKPY2KHOCTbL Ha, cebsd. Bo-lepBbIX, olpenenTesb

1 —«
we paser 0, B cuyty Toro, uto o ¢ S. Jlasee:

—a 1
1— 1— —1— 1
jw(1)] = | f' _ ool 1, |w(=1)| = | _O‘| _Ltal 1,
1-al [T—q 11+ T+«
N kel i — o i — o
w(? = 1.
[w(?)] 1 —ial [(—i—a)i| |i—aq

Nrax: w(l), w(—1), w(i) — Tpu pasjindHble TOUKH, JIEXKAIINE Ha €JIUNHUTHOL
okpyzxuoctu. CreoBaresbho, w(S) = S B cuty Kpyrosoro cpoiicta. Tax
kKak w(0) = a-a u |[w(0)| = |a|, To npu |a| > 1 egumnuanblit Kpyr 0TOOpPa-
JKAETCsl Ha BHEITHOCTH €JIMHUTHOrO KpyTa, a npu |a| < 1 mpobo-nnneiinoe
npeobpaszosanue (0) orobparkaeT e MHIIHBIN KPYT Ha cebsl.

3AJIAYUN

1
z
KaK OTpazK€HHEe OTHOCHUTEJILHO FOpI/ISOHTaHbHOﬁ IIJIOCKOCTH.

1. UnrepuperupoBaTh mpeodbpaszoBanne MHBEpCUN z — = Ha cepe Pumana

2. JlokazarTh, 4T0 cTepeorpadudeckas MPOeKIus TaKxKe 00/1a/1aeT KPyro-
BBIM CBOIicTBOM. IcIo/ib3ys 9T0, 1aTh BTOPOE JI0KA3aTeIbCTBO TEOPEMbI
0 KPYIOBOM CBOICTBE JIpOOHO-JIMHEIHBIX (DYHKITHIA.

3. Haiitir o6pas3 eIMHNTHON OKPYKHOCTH OTHOCUTETHHO (DYHKINT &) w =
zti — _Z
z—1i) 6) w = z+1°

4. HapucoBaTh MHOXKECTBO TOYEK Ha KOMIIJIEKCHOI IJIOCKOCTH, YIOBJIETBO-
psOIUX ypaBHeHuto 2z + 2z + z = 0.

5. * Jlokazarb, 4To Jirobast JpoOHO-palnoHabHAS (DYHKIINSA C YCJIOBUEM
w(S) = S nmeer Bug (0).

6. * HaiiTu Bce ipoOHO-/IHEiTHBIE (DYHKIINN, OTOOParKaoIIe BEPXHIOIO T10-
JIyILIOCKOCTH Re z > 0 Ha BHYTPEHHOCTDb €JIUHUTHOIO KPYTa.
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6 AHAJUTUYHOCTD

Omnpenesienne 6.1. [lycrs dyukius f(z) onpenesnena B OKPECTHOCTH TOUKU
2o. Hpoussodnaa dymnryuu Komniexcnozo nepemennozo w = f(z) 6 mouke
2o OIIPEJIeJIsIeTCs] B TOYHOCTH TaKyKe KakK 1 JIIst PYHKIUU JIeHCTBUTEILHOIO
[epeMeHHOTO:

f'(z0) = lim aw = lim flzo + 4z) f<z0>.
Az—0 Az Az—0 Az

QOyHKIIA KOMILJIEKCHOTO TePEMEHHOI0 Ha3bIBAETCHd AHAAUMUYECKOT Ha
omxpvimoti obaacmu (G, ecjin OHA UMEET IIPOUBBOJHYIO B KarK 10l TOUKE 9TOil
0bJ1acT ¥ IPOU3BOAHAS HEIpepbiBHA. AHasumuyunocms 6 mouwke O03HAUAET
CYIIIeCTBOBAHNE W HEIPEPBIBHOCTH MPOMU3BO/IHON B HEKOTOPON OKPECTHOCTHU
9TOI TOUKHU. Anasumuyurocmo Ha 3amrxnymoti obaacmu D o3nadaeT cyiie-
CTBOBaHUE 1 HEIIPEPBIBHOCTD IIPOU3BOJIHON HA HEKOTOPOI OTKPLITO 00J1acTH
G, conep:kareit D.

Inmeror MecTo 00bIYHbIe TpaBiia g epeHIpOBAHNsL: IPOU3BOIHAS CyM-
MbI, IPOU3BEICHNUs, YACTHOTO U HPOU3BOJHASA CJIOKHON dyHkumu. ITpous-
BOJIHAs MOCTOsTHHO ynknnu pasua 0. Ecm w = f(2) u z = g(w) — nse

B3aUMHO-00paTHble dhyHKIMN, T0 ¢ (W) = f,%z).

Muorowiren w = ¢y + c12 + ... + ¢, 2" sBJIgeTCS aHAJUTHICCKON PYHKIN-

" " . " __ az+b
eit Ha Beell kKoMmILIekcHoil miockoctH. JIpobno-ymneiinas Gyukius w = =5
aHAJINTHIHA BCIOJTY, KpoMme Toukn —d /¢ (tipu ¢ # 0), Ipu 9TOM ee TIPOU3BO/I-

! __ ad—dc
Hag w' = o HUT/E He obOpalaeTcs B HOJIb.

ITpumep 6.2. Oyuknusg w = Z He aHAJUTUYHA HU B OJIHOI TOUKe, TaK KakK

Az 1, ecn Az = Ax + 10,

Az—0 Az —1, ecm Az =0+ iAy.
Tax ke Kak B Kypce aHaJIn3a JIefiCTBUTENLHON TepeMEeHHON JOKA3hIBAETCH,
YTO U3 CYMIECTBOBAHWA MTPOU3BOIHON W TeM OoJiee N3 aHAJUTHIHOCTH (PYHK-

I[N CJieJlyeT ee HenpepblBHOCTL. OOpaTHOe K 3TOMY YTBEPKJICHUIO HEBEPHO,
KaK IOKa3bIBaeT 1pumep 0.2.
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TpeboBanne aHAIUTIIHOCTH (PYHKIIMH KOMILIEKCHO ITepeMeHHOl OKa3bl-
BaeTCsi HAMHOIO OoJjiee YKeCTKUM deM TpeboBaHue HellpepbiBHO gud depeH-
nupyemMocTu (YHKIUN JIeiCTBUTEIbHON 1epeMeHHoi. YacTrnaHoe oObsicHe-
HUe 3TOro pakTa 3aK/II09aeTcs B TOM, UTO Ipeje/bHblil mepexoa Az — 0
obs1aaeT ropasao OoJiblieit ¢cBoOO 101 YeM mpenenbHblii nepexon Axr — 0. B
qacTHOCTH, Az = Ax + 1Ay cTpeMUTCs K HYJIIO 110 KOMILJIEKCHOM IIJIOCKOCTH,
ecim Ay = 0, a Az cTpeMuTcst K HYJIIO 110 JIeCTBUTEIbHON MpsIMOii, b0
ecim Ax = 0, a Ay — 0. DTUM MbI BOCIOJIb3YEMCsl JIJIsT JI0Ka3aTe/ILCTBa
CJIeIYIONIEr0 KPUTEPUsT aHAJTUTUIHOCTH.

Teopema 6.3 (ycaoBusi Komu-Pumana). Qyuxuyusa f(z) = u(x,y) +
iv(z,y) anasumuuna 6 mouke 2y Mo20a U MoAvKko mozda, K020a 6 HeKo-
mMopoti OKpecmHOCU Mot MOUKU CYULECTEYIOM. U HENPEPLIGHBL UACTNHbLE
npouseodrvie Ou/dx, dv/0x, Ou/dy, Ov/Oy u swinoanervr yerosus Kowu-
Pumana

Ou _ v

ox ~ Oy’

o ow (7)
oy —  Ox°

Jlokasameavcmeo. Ecim f(z) anasutndana, To pacCMOTpPeB JiBa ciydast Az =
Ax u Az = iAy, nojaydaeM cjejyoline 3HadeHns npousBojanoii: f'(z) =
ou/dx + i0v/0x u f'(z2) = —idu/0y + Ov/dy. Orcrona CIeayIOT YyCI0-
Bug Komu-Pumana. Haobopot, eciin ycsobust Komu-Pumana BbIIOJIHEHBI,
TO, YIUTHIBas JUpPepeHnnpyeMocTb (DYHKIINI % 1 ¥, BHIBOJINM:

Aw  Au+idv %AZE—{— g—;‘Ay+i (%Aer g—;Ay) + o(|z]) B
Az Az +ily Az + 1Ay N
ou . 0v oAz

Tl

B oz ox Az

Verpemitstst Az K HYJTIO, TIOJIyHaeM, 9To Ipeet lim 2% te. mponsBogHast w,
Az—0

Az
CYIIeCTBYeT U paBHa U +iv’ . B Bujy HElIPEePBIBHOCTH YaCTHBIX MPOU3BOIHBIX
ul, u v}, TPOU3BO/HAS W), TaKzKe HElpepbIBHA. O
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ITpumep 6.4. OnpenenuM Ipu Kakux 3HadeHusM Hapamerpa A dyHkius
g(z +iy) = x> + y* — Axyi sBaserca anagutuanoil. V3 yenosuit Komm-
Pumana naxomum:

ou ov
— =2r=—=A A=2.
5 T o7 T =

2 — anaymTHYecKas DYHKIHS.

Torma g(z) = 2
Hns dyakiuit w = Rez, w = Z, w = Im z yciaopus Komu-Pumana ne
BBIIIOJIHEHBI HU B OJHOII TouKe. /leiicTBUTE/ILHO,

i Rl W

Orcrona BeITEKaeT, 4To (pyHKINA Rez He aHaJMTHYHA HU B OJHOI TOYKE,

ou Oz 1 v I(—vy) .

XOT4d 9aCTHbBIE IIPOU3BOAHBLIE OT U U ¥V CYIIECTBYIOT JII0OOTO IHOpAaKa.

3AJIAYUN

1. TIposeputh anasuTuunocTh dbyHkuit a) 2° — 3y?x + i(32%y — y°),

x P .
0) 77 — iy B) €" cosy +ie"siny

2. Ilpn KaKnX ycJOBHAX Ha KOHCTAHTHI @ 1 b dynxuna ax? + by? + 2xyi
aQHAJINTHIHA !

7 Tapmonmyeckmue pyHKIINN

" _ 0 o?
Hunddbepennuanbuplii onepatop A = 5 + 5,2 HA3BIBACTCH ONEPATNOPOM Jla-
naaca, a pertennst dudgepervyuanrvrozo ypasnenus Jlaniaca

0?u  0u
922 oy

HA3bIBAIOT 2APMOHUYECKUMY PYHKUUAMU.
CdhopmysnpyeM JiBe pusmdecKue 3aa4du, st KOTOPhIX MaTeMaTHIecKOoi

0

MOJIEIBIO sSIBJIeTCs ypasHenue Jlamaca.

1. ITycts D — dusnyeckas oJHOPOIHAS IIACTUHKA, OAMHAKOBOIM TOJIIIIN-
HbI, TEIJION30/IMPOBaHHasi CHU3Yy 1 cBepxy. Obo3HaunM uepes u(x,y) Temie-
parypy B Touke (z,y) € D. Ilomaraem, uto temmeparypa Ha rpasxute 0D
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HAM U3BECTHA, U IIOJIEPKUBACTCA TaK, YTO OHA He 3aBUCUT OT Bpemenu. To-
raa u(x,y) — rapMoHmydecKast GyHKINs, T. . u(x,y) — pelleHne ypaBHeHUsT
Jlamzaca ¢ TpaHUYHBIM YCJIOBAEM, 3aJaHHBIM PACIPE/ICTCHIEM TEeMIEPATYPhI
Ha IPAHUIE ILIACTUHKI.

2. IIycts I' — npoBoJiouHbIil KapKac, IoMeleHHbIi B mpocTpancTBo Oxyu
Tak, 410 KpuBasi ' ectb rpacduk dyuxmun u(zr,y), (r,y) € L, a L — 3a-
MKHYyTas [yajikast Kpubasi B mjiockoctu Oxy (Kak, HAlpUMep, OKPY?KHOCTD ),
orpannuupaoiias obsacrs D. Haranem na npoBoI0YHbI KapKac MbLILHYIO
JIEHKY, 1 ycTh yHKIWs u(z,y), (x,y) € D onucbiBaeT BUJI 9TOH MbLIbHOI
mieHKH. VHBIMEI ¢JIoBaMu, MbLIbHAsI [IJIEHKA eCTh Ipaduk GyHKImn u(x, y)
¢ obstacrbio onpenenerust D. Torga u(x,y) — rapmMonndeckast (DyHKIUS.

IMpengioxkenue 7.1. Feau f(z2) = u + v — anasumuveckan Gynkyus, mo
U UV — 20PMOHUYECKUE HYHKUUU.

Zloxazameavcmeo. Vmeem:

P a0 (o) | 0 (0
ox2  Oy? Oz \Ox Oy \ Jy

L (), 0oy v o
Oz \ Oy Jy oxr) 0OxOy Oyor

AHAJIOrTIHO JOKA3BIBAETCS, UTO ¥ TapMOHIIECKas PyHKIINSI. [l

Bosee touno, dyukimn u(x,y) n v(x,y) HASBIBAIOTCS CONPAHCEHHBLMU
eapmorudeckumu Gyrxyusmu. CpeJIcTBAMUI TEOPUH T10JIs1, & UMEHHO UCIIOJIb-
3ysl TOHATHE MOTEHIUAJA 1 PUMEHsist (POPMYJTY JIJId BbIYUC/IEHUs TTOTEHIN-
aJia TOTEHINAIBHOTO TIOJIs, /I TApMOHNYIECKON (DYHKINHI 1 MOYKHO HANWTH
COIPSIZKEHHYI0 TApMOHNYECKYIO (DYHKIIUIO ¥ 1 HA0OOPOT, JIJIsi TApMOHUYECKOi
GYyHKIT v MOXKHO HAHTH CONMPSIKEHHYIO TapMOHUYecKyio pyHKINO u. [To-
KayKeM 9TO Ha IpUMepe.

IIpumep 7.2. Oynkmusa u = x° — y?, KaK JIE'KO BUJICTH, TapMOHIYECKA.

Haitnem dymnkimo v(x,y) takyio, ato f(z) = u + v cTaner aHAIUTHIECKO
dyHKIHE.

(z.y) (z.y)
v(z,y) :/( @der@dy:/(OO) 2udx + 2x dy = 2xy.



Orciona u + v = % — y? 4 2wyi — anaonTHYecKasa QYHKINA Ha Beeil KOM-
IJIEKCHOIT 1tockKocTu. Takoii 0TBET MOXKHO ObLIO OBl MOJTYYUTh WHAYE, J0Tra-

JABIIICH, uTo 22 = x2 — 3% + 2xvi.

3AJIAYT

1. Jlokazarh, aro juneiinast pyuknus u(x,y) = a + bxr + cy rapMOHHIHA.

2. Ilpn Kaxkux 3HaYeHnsAX mapaMerpos dbynkimng u = Ax? + 2Bzy + Cy?
rapMoHHUYHA !

3. ITposeputh rapmonuynocTsb bynkiuit a) 3 —3zy?, 6) €* cos y, B) cos x ch y,
F) IQLerQ

4. JIng rapMOHMYECKX (PYHKIUI MpeablayIneil 3a/iaqu HallTh UX COIpsi-
JKEeHHDIE.

8 CreneHHble PSAAbI

EcrecTBennbIM 000011I€HIEM MHOTOUJIEHOB SIBJIAIOTCS (DYHKIINN, 33/ aHHbIE B
BUJIE CYMMBI psijia 110 CTENEHIM 2 — Zg:

400
co + Cl(Z — Zo) + CQ(Z — 20)2 + 63(2 — 20)3 +...= Z Cn(Z - Zo)n. (8)
n=0

Teopema 8.1 (AGesns). Ecau pad (8) cxodumes npu nexomopom snavernuu
2*, mo on abcomommno cxodumea npu aobom z € C marxom, wmo |z — zg| <
|2* — 2g|. Ecau oice pad (8) paczodumes npu npu nexkomopom 2™, mo on pac-
TOOUMCA U NPU AOOOM KOMNAEKCHOM Z MAKoOM, wmo |z — zo| > |2 — z|.
Cywecmeyem neompuuamenvhoe deticmeumenvroe wucao R, nasvieaemoe
Paduycom crodumocmu, makoe, 4mo pad crodumcs abcortommo npu |z — zp| <

R u pacxodumes npu |z — z| > R.

Kpyr |z — 20| < R nassiBaercs xpyeom crodumocmu. Obo3HATIM Uepes3
S(z) cymmy psiia (8) B Kpyre cxXoUMOCTH.
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Teopema 8.2. Qynruyus S(z) anasumuyuna 6 Kpyze croduMocmu u
S(2) = c1 4 2ca(z — 29) + 3c3(z — 20)* + dea(z — 29)° + ... (9)

Ipu smom pad 6 npasoti wacmu (9) umeem mom orce paduyc crodumocmu,
umo u pad ().

Jlokazamenvemso. Ilyers psag S(z) cxomuTest B TOUKe z* U 9UCI0 2 TaKOBO,
aro |z — zg| < |2* — z|. VI3 exomumoctu psiia S(z) ciejryer orpaHndeHHOCTD
IOCJIEJIOBATEILHOCTH Cp (25— 20)™, T. €. CYIeCTBOBAHNUE MOJIOKUTETHBHOIO UHC-
aa M Takoro, 4to |c,(2* — 20)"| < M niaa moboro n. ObosHadnM Uepes ¢

BEJINIIHY ;_—_Z;) 1 3aMeTHuM, 4TO oHa MeHbile 1. OueHunm:

n—1 n—1
T Z— 2 1 ng" M
‘”Cn(z_ZO)n ’ = nea(2” = 20)"| ¢ — 2 |2* — 20| — ‘Z*—ZO|'

Pan > 77 ng" ! cxomures no npusnaky Jlamambepa. CiieoBaTesbHO, P
>0 [nea(z — 20)" 7! | Taxeke cxomures, re. cxomures abeomorto psg (9).
HaobGopor, mycts psig S'(z) exomures B Touke 2™ u |z — 2| < |2 — 2.
Torma nocieoBaTeIbHOCTL Ne, (2™ — 29)" ! orpannuena, T.e. Hafijercs mo-
JIOYKUTEILHOE JleficTBUTEIbHOE Ynca0 L Takoe, 9To ‘ncn(z** — zo)"_l‘ < L.

Oboznaunm § = Zf*_—fgo < 1 u oneHuM:
-1
n Kok n—1 <20 ! ~n—1
|en(z = 20)"| < |nen (2™ — 20)" | pe— |2 — 20| < LG |2 — 2] -

Tak xak Y, ¢"" ! — cxomgmasicst nporpeccus, To psif o ¢p(z — 20)" cxo-
JIUTCsT aDCOJIIOTHO.

13 ioka3aHHBIX BbIIE YTBEPXK/IeHHi BbITeKkaeT, 9To psiibl (8) u (9) mmeror
OJINHAKOBBIE PAJINYChI CXOUMOCTH.

Jokazkem, uro cymma psiyia (9) pasra npoussojuoit S’(z). locrarodno 1o
caenarh s ciydas zg = 0. ukcupyeM TOUKY a BHYTPH Kpyra CXOAUMOCTH
1 BbIGEPEM TOJIOKUTEJIBHO JeHCTBUTEILHOE YHCI0 Ap HACTOIHKO MAJIbIM,
9100bI |a| + Ap ObLIO OBI BCe ele MeHbIe deM pajuyc cxognmoctu. Ilycers
npuparierne Az takoo, 410 [Az| < Ap. Umeewm:

AS  S(a+ Az) - S(a) _EOO: (@ + Az)" —a"
Az Az VAR Az '

0
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Paccmorpum cemeiicTBO HeNpepbIBHBIX (DYHKITNI

(otAz)t—a” _
fa(Az) = { Cn™ ;e Az £ 0;

nep,a™ ecin Az =0
Torna 25 = 3°0° f,(Az). Ilpu srom
| fu(AZ)] = | ‘a"_l + a”_z(a +Az)+ ...+ (a+ Az)“_1’ <

< leal nla] + Ap)™.

[TocTpoena mazkopanTa jyist QyHKIHOHAIBLHOTO psijia » 1 fn(Az), Tem ca-
MBIM JIAaHHBIN psiji cxouTest paBHoMepHo B kpyre |Az| < Ap. Ipumensis
TEOpPEMY O HEIIPEPLIBHOCTH CYMbI PABHOMEDPHO CXOJSIIIErOCs PsiJia, IOy IUM:

S'(a) = lim a5 im f,(Az) = Z fn(0) = chna”_l.
1 1

= |
Az—0 Az T Az—0

[]

ITpumep 8.3. Psy 142+ 2%+ 23+ ... UMeeT e AMHIIHBIH PaJIIyC CXOANMOCTH

o1
U COBNAJIAET ¢ PyHKIUEH 1— B Kpyre CXOJUMOCTH.

Hasee OyyT paccMaTpUBATHCS TaKyKe U PSAJIbI BUJIA

C_ C_ C_
L4 2+ 4+ (10)

z—z0 (z—2)%  (2—2)3

Takue PAAbL 3aMeHOIt C = CBOJATCA K CTEIIECHHBIM pdAJaM II0 CTEIIEeHAM

Z—2Z20
(. VI3 aToro BuITEKAET:

Teopema 8.4. Cywecmsyem neompuyamenvroe 0etcmeumesbHoe “Uci0 T
usu +00 maxoe, wmo pad (1) crodumea abcoaromno 6 obracmu |z — zo| >
T, U €20 CYMMA — AHAAUMUNECKAA 6 Mot obracmu dyrxuua. [Ipu smom 6
2106017 mouke Kkpyea |z — zo| < r pad (10) pacxodumea.

ITpumep 8.5. Pajy —> — 5 — 5 — ... cxoaurea B obsactu [2| > 1, u ero
1

CyMMa COBNaJIaeT B 9Toft obmactu ¢ pyHKnuedd — .
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9 KoMmiuieKkCcHad 3KCIIOHEHTAa

[Ipn m3n0keHNN MaTepuaJia 3TOro n CJIeIyIoNnero naparpados He UCTOIb3Y-
I0TCsl OIIpEJIeJIEHNs U CBOWCTBA JIeCTBUTEIbHBIX (DYHKIMI ¥, cos T, sinx u
quCsIa .

DKCIIOHEHTA W = eXp z uMmeeT PyHIaAMEHTAILHOE 3HAUEHEE /IS BCel Teo-
pun yHkimit. C MOMOIBI0 SKCIOHEHTHI CTPOSITCS BCE OCTAJIbHBIE dJIEMEH-
TapHble (DYHKIME, B TOM 9YHCIe W TPUTOHOMETPHUIECKNe Sin 2z, cos z, tgz n
obparHble TpuroHoMmerpudeckue Arcsin z, Arccos z, Arctg z. C anredpande-
CKOIf TOUKN 3peHNUsI 3HAUEeHIe KOMILIEKCHOI 9KCIIOHEHTHI COCTOUT B TOM, UTO
oHa 3ajaeT srmMopdusm ajgurusHoii rpymnbl (C, +) HA MyJIbTHIINKATHB-
ayto rpymiy (C*, ). Onpeenenne KoMniekcHol KCNOHEHMDYL CITEYIOTIee:

2 28 2" = 2"
exp(z)=1—|—Z—|—§+§+...—|—m—l—...=zom. (11)
n=
Boruncanm pajinyc cXoAMMOCTH 9TOTO Psijia:
1/n!
R=1lm - —"—— =i 1) = :
1m1/<n+1)! im(n +1) = +o0

Nrak: xomnaiexcras sxcnonenma onpede/beHa U AHAAUTMUMHA HG 8CEU KOM-
NAEKCHOU NAOCKOCTU U

(expz) = exp z; exp 0= 1. (12)

[IepBoe paBeHCTBO 3/1eCh CJIE/IYET U3 TEOPEMbI O TIOUJIEHHOM T depeHInpo-
BaHUU CTEIIEHHOI'O Psijia. 3aMeTHM, 9TO CYIIeCTBYET TOJIbKO OIMH CTeIeHHO

eI, & UMEHHO Psiji 0" 27, CyMMa KOTOPOIo yjloBjIeTBopsieT ycuosuam (12).

Teopema 9.1 (ocHOBHOe (DYHKIIMOHAJIHLHOE COOTHOIeHUE). Jlid A10-
OBLT KOMNAEKCHBLT YUCEA Z1 U Zo UMEEM, MECMO PAGEHCMBO:

exp(z1 + 22) = exp(z1) - exp(z2). (13)
Joxazamenvcmeo. Ilpumensiem 6unom Hbrorona:
0 n x n
exp(z1) - exp(ze) = Z % : Z % =
0 0
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o0 o0 1 n .
5 (k) - S (Sow) -
=0 k=0

n= =

(21 + 29)"
:Z< L)l = exp(z1 + 22).

[]

CJIGI[CTBI/IG. Hmemm MECTNO PAGEHCINEA &/L.ﬁ, JLTO6?)L.I‘ KOMNAEKCHBLL YUCEN
21, 22 U 2 U Uenoeo 4ucaa m
exp(21) 1

) = — mo(14
p(22)] exp(—2) ops OPTA (expz)™. (14)

exp(z1 — 22) =

JloKaz3aTesbeTBO 3TUX TOXKJIECTB BBITEKACT U3 OCHOBHOIO (DYHKIMOHAIb-
HOI'O TOZKJIECTBA, HECJI0KHBIMU ajirebpandecKuMu IpeodpasoBanusMu. B qact-
HOCTH, 3HAYCHNE KOMILICKCHON SKCIOHEHTBI He MOKET OLITL PABHBIM HYJIIO,
160, ecim expz = 0, To 1 = exp0 = exp(z — z) = expz - exp(—z) = 0
— mporuBopedne. IToT daxT BMecte ¢ coorHorrerneM (13) n oznagaer, 4To
orobpazkenue exp : (C,+) — (C*,-) ectb romomopdusm rpyiir. [Tozxe Oy-
JIeT JIOKA3aHO, 9TO 3TO 0TOOPasKeHUe CIOPLEKTUBHO.

3aMeTM, 9TO OCHOBAHUE HATYPAJILHBIX JIOrapudMOB, T. €. YUCJIO € ABJIsI-
eTCst 3HAYEHUEeM SKCIIOHEHTHI B Touke 1: ¢ = exp 1. OTmeruM jpyrue cBoiicTsa
9KCIIOHCHTHI.

st 1106010 HATYPAILHOIO YHCIA 7 U3 OCHOBHOIO (DYHKIMOHAJILHOIO
TOKJIECTBA IIOJIyYNM PABEHCTBA,

exp(n) =exp(l+1+4+...+1)=(expl)" =€",

n pa3

1 exp(—n) = ei Hamee, Tak Kax

1 \"
e=expl=exp|(n-—)=exp—] ,
n n

to exp(1/n) = /e. [lepexoist K IPOU3BOJILHOMY JIEHiCTBUTEILHOMY YHCILY,
HOJTYIHM CJIEJIYIOTIEee CBOTICTBO
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CsoiicTtBo 9.2. Fcaux € R, mo exp x — noaoscumenvhoe deticmeumenvHoe
YUCAO U
N m
expr =supsvemr|meZneN;,— <z eR= lim expt.
n t—x,teQ
Zloxazamenvcmeo. HepBoe yTBep2KIeHue scHo it x > 0. Ecm oz = —k < 0,
_ r_ -

To k> 0uexpr = ka > (. Tak kak (expz) = expx > 0, TO jgeiicTBu-
TeJIbHasI SKCIIOHEHTa, — CTPOI'0 Bo3pacTalollasl HellpepbiBHasI pyHKIHsI. B cu-

: . m
JIy MOHOTOHHOCTH, TIpejies1  lim expt cymecTByer, u Tak Kak jja & = =

t—ux,te
MIMEeT MECTO PaBeHCTBO exXpt = /€™, TO 3TOT IpeJiesl COBIaJaeT ¢ TOYHOIL
BepxXHell TpaHbl0 MHOKECTBA, {\/em lm € Z,n e N; ™ < z}. O

B c¢BsA31 ¢ 3TUM CBOHCTBOM YacTo OyjieM MHUCcaTh €° BMECTO eXP 2.

10 Tpuronomerpudeckue u ruiepooImiIecKne
dbyHKINn

Omnpenenenne 10.1. Cunycom KomMniexcHoz2o nepemeniozo Ha3biBaeTes (PyHK-
st

iz _ iz o 2m+1
sin z = S g mHZ—.
(2m +1)!
m=0

KOCUHQC KOMNAEKCHO20 NEPEMEHHO20 €CTb CbYHKHHH

z'z —1 o0 2m

o 6
COS 2 = Z )'.

m=0
FUTLGp60./LU%€C7€’U/7j CUHYC KOMNAEKCHO20 NEPEMEHHO20 OIIPEAEJIACTCA TaK:

o0 2m—|—1
shz = Z Gm T 1

Funep60ﬂu%ecv<:uz'l KOCURYC KOMNAEKCHO20 NEPEMEHH020 — ITO d)yHKHI/IH
2m

e“+e >~z
chz:—2 :Z(Zm'

m=0
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OTmMeTuM HEKOTOpPhIE CBOICTBA BHOBBL BBEJIEHBIX (DYHKIHIA.
CgoiictBo 10.2. Fcau x € R, mo cosz,sinx,chx,shx € R.

CsoiictBo 10.3. Hmeem mecmo cAedyrou,asn C68A3b MPU20HOMEMPUIECKUL
u 2unepbosuveckur GyHKuul

costz =chz; siniz=1shz, chiz=cosz; shiz=1sinz.

ToxkiecTBa B CIEYIOMNX JIBYX CBOMCTBAaX JOKA3bIBAIOTCS IIPOCTOI asired-
panvecKoil IIpOBEPKOIi.

CsoiictBo 10.4 (OCHOBHBIE TPUTOHOMETPHUYECKOE WM ruiiepbosmde-
CKO€ TOXKJeCTBa).

cos® z +sin’ z = 1; ch®z —sh?z = 1.
CsoiictBo 10.5 (popMyibl CIIOKEHUS).
cos(21+22) = €08 21 COS zo—sin 21 sin 29; sin(z1+22) = sin 21 €os 29408 21 sin 2o;

ch(zy + 2z2) = ch z1 ch 25 + sh 21 sh 29; sh(z + 22) = sh 21 ch 29 + ch z; sh 2.
B wacmnocmu,

2 2

CcoS 2z = cos” z — sin 22260822—1; sin 2z = 2sin 2z cos 2;

ch2z =ch?z +sh’z=2ch’2—1; sh2z=2shzchz.

JIJ1s1 BBIUMCJIEHUS ITPOU3BOJIHBIX TPUTOHOMETPUYECKUX M T'HIepOosmie-
cKUX (DYHKIMI cjiejlyeT NPUMEHUTH TeopeMy O IOo4JeHOM JuddepeHnnpo-
BAHWU CTEreHHOro psijia (em. Teopema 8.2). [Mosryawmm:

(cosz) = —sinz; (sinz) =cosz; (chz) =shz; (shz) =chz. (15)

CsoiictBo 10.6 (yerHocTh ). @ynkyuu cosz, chz wemmol, a dynryuu
sin z, sh z newemmo.

Caoiicreo 10.7. IIpasuso t — e (t € R) zadaem eomomoppusm 2pyn-
no (R, 4) wa edunuvnyro okpyorcnocms S (epynna no ymmoocenuro). Cyue-
CMBYEM HAUMEHLWEE JeTUCMBUMENDLHOE NOAOAHCUMENLHOE YACTIO TIN T =
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T

3.14 maxoe, umo cos 5 = 0. Tozda Pynxyuuy = sint uy = cost duexkmueHo
u HenpepwuieHo omobpasrcarom ompesox [0, /2] na ompesox [0, 1], a dynruua
e sadaem Guexmuenoe omobpasicenue noayurnmepeana [0,21) na okpyorc-
T2 = €™ = —1 (Tomaecrso Diinepa), 3/ = —j

nocms S. Ilpu amom e 7,

e?™ = 1.

Jlokasamenvcmeo. V3 onpenenenus Kocunyca cieayer, 4ro cos(0 = 1, u 1o-
sromy B Touke (0 dpynknus cost yooiBaet. dajee cos2 < 0, 94T0 HETPYITHO
onennThb. CJ1e10BaTEe/ILHO, YUCJI0 T ¢ YKA3AHHBIM CBOHCTBOM HAMJICTCSI, TIPU-
gem /2 < 2. Tak kak cost > 0 jusa t € (0,7/2) u (sint)’ = cost, o sint
CTPOrO BO3pACTAeT Ha 3TOM uHTepsaje. Torma sinm/2 = 1, . e. ™% = 4.
Kpowme Toro, u3 coorrorennst (cost) = —sint cieayer crporoe yobiBaHme
dbyukiuu cost na orpeske [0, 7/2] or 1 j10 0. dasee, €™ = i? = —1, nosromy

/2 = 1.5 = —in e = (=1)2 = 1. U3 s1ux paccyxKjucHuii ciejyer,

9TO 7 — HAUMEHbIIIee MOJIOKUTEIBbHOE YHCI0, Takoe, uTo 2™ = 1. Orciona, B

CBOIO 0Uepe/ib, BEITEKAET, YTO oTobpazkenue exp : [0, 2w) — S — ouexrust. [
Kak mpocroe ciiefcTsue 3Toro cBoiicTsa, moJydaem

CsoiictBo 10.8 (mepuoguvHoCcTh ). Qynryua e* nepuoduyna ¢ nepuodom
2m1. Qynryuy cos z, sin z nepuoduyns, ¢ nepuodom 21, a ynryuw ch z, sh z
nepuoduvnvl ¢ nepuodom 2mi. Boaee mozo,

€ = & oz =21k (k€Z) (16)
[Tpumenstst GOPMYJIBI CYMMBI, MOJIYIaeM

CsoiictBo 10.9 (pasnoxkenme Ha JECTBUTEIHHYIO U MHUMYIO a-
cTH).
"t = (e cosy) + i(e” siny),

cos(x +1y) = cosxzchy —isinzshy, sin(x+iy) =sinzchy+icoszshy,

ch(x +iy) = chxcosy +ishxsiny, sh(x+iy)=shxcosy—+ichzsiny.

Ecim opnosnauanast anamnrnaeckast dbynknng f(z) orobpakaer OHeKTHB-
HO obstacTb D Ha obsactb (G, To D Ha3BIBAETCST 00.4A4CMBI0 00OHOAUCTIHOCTIUL.
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Puc. 6: Obnactu 0fHOIUCTHOCTH JIJISI SKCIIOHEHTHI.

CsoiictBo 10.10. Obnacmo Dy, = {x + iy | 2rk <y < 2n(k + 1)} daa aio-
0020 UeN020 k ABAAECMCA 00AACTBIO OOHOAUCHOCTIU PYHKUUL €7, KOMOopas
omobpasicaem ee na obaacmov C\ {0}.

Jloxasameavcmeo. U3 coornomenns (16) caegyer mHbEeKTHBHOCTH 0TOODA-
wkerus exp @ Dy — C. Ilycts w — moboe HeHyjIeBOE KOMILIEKCHOE UHCIIO.
Torna permas ypasHenns e = |w| n e = w/|w| ¢ jgelicTBUTENLHBIME TIEpe-
MeHHbIME X 1 Y (Y BbIOMpaeM u3 nojyunrepasasia [2mk, 2w (k+1))), nosydnm
2z =1x 4+ 1y € D; Takoe, 910 exp 2 = w. CIOPHEKTUBHOCTD JI0OKA3aHA. ]

CiiesicTBUEM TIPEJIBILYIIETO CBONCTBA SIBJISIETCS

Csoiictso 10.11 (obsacts 3uadenwnii). Obiacms snavenuts GyHryud cos z,
sin z, ch z, shz ecmv 6ce noae xomnaexcnvix wucen.

CsoiictBo 10.12 (mysm). Pewenuem ypasrenua sin z = 0 asaiemcs muo-
orcecmeo {mk | k € Z}. Hysu dynryuu cos z — muoorcecmeo {m /2 + k| k € Z}.
Hyaamu gynrwyuu sh z asasemesn mnoorcecmeo {mki |k € Z}, a nyau dymk-
yuu ch z — mmoorcecmeo {m/2i + ki |k € Z}.
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Joxazamenavcmeo. VIMeroT MecTo COOTHOIIEHMS
sinz=0 & *F—eP=0 & =0 <

& 2iz=2mik & =2k (ke€Z).
AHAJIOTHIHO JTOKA3BIBAIOTCST YTBEPKICHNUS s OCTAJIBHBIX (DyHKIHIT ]

Omnpenenenne 10.13. Oynknus tgz = 7= HasbIBACTCA MAN2EHCOM, a
sh z

bynkiust th 2 = 52 naspiBaerca 2unepooAUMECKUM MAHZEHCOM.

[Tpom3Bo/IHbIe TAHTEHCOB BBIYUC/IAIOTCS C UCTIOIH30BAHIEM N3BECTHOIO TTPa-
BuJ1a "TIPOM3BOIHAST OTHOIIEHNS "

(tg =) = (thz) = —

cos? 2’ ch?z’

ObJiacTb JIOMYCTUMBIX 3HAYEHUI TaHreHca tg 2 ecTb MHOTOCBsA3HAs 00J1aCTh
C\ {r/2+k|k e Z}.
3AJIAYU

1. Borancnts a) e /4 6) sin(2i + 7/2), B) thi/6.

2. Hazosem uncio T' st dyukunu f(z) noaynepuodom, eciv Haiiaercst
KoHcTanTa A Takad, ato f(z + 1) = Af(z) ana seex z € OU3(f).
Haiitu Bce nosynepuojibl pyHKImil €%, cos 2, sin z, ch z, sh z.

3. * JlokazaTh, 4TO €xp 2 = lim (1 + E)n

n—-4o00 n

11 AprymMeHT KOMMJIEKCHOTO YMCJIa

Kak o110 13 NpHI0XKeHI KOMILJIEKCHO 9KCIIOHEHTHI IIOJIy9aeM CTPOToe OIIpe-
JleJleHne apryMeHTa.

Omnpepnenerne 11.1. [1aHom 3HAUEHUEM APLYMEHMA HEHYACE020 KOM-
NAEKCHO20 UCAG Z HA30BEM TO €JIMHCTBEHHOE JIEHCTBUTEILHOE YHCIIO @ €
[0,2m) gist koroporo & = exp(ip). Obo3HAAEM IIABHOE SHAUEHHE Apry-
MEHTa KaK arg z.

39



BeeBosmozkHbIe periieHusi ypaBHeHust exp(ip) = ﬁ OTHOCHUTEJILHO Iepe-

MEHHOIT (p, T.e. MHOXKeCTBO {arg z 4+ 27k | k € Z} nazoseMm apeymermom kom-
NAEKCHO20 wucAa Z 1 0003HAINM Arg z.

Takum obpasom Argz — muorosuaunas dyukiws. [lycts 7 = |z| u @ €
Arg z. Torma
z=r-e%Y=r(cosy+isinyp)

HA3BIBAETCS COOTBETCTBEHHO I10KA3aTELHON M TPUIOHOMETPUUIECKOi ¢op-
MOIt 3aIiCcH (HEHYJIeBOT0O) KOMIIJIEKCHOTO YnC/Ia 2.

YMHOXKeHNe 1 JieJeHre KOMILJIEKCHBIX JHce/l B TTOKa3aTeIbHoi hopme Oy-
JIeT BBITJIAJIETh CJIEIYIONINM 00pa30M:

Tlewl . T2€¢<P2 — T1T2€i(<ﬂl+<ﬂ2); 7“1621_@1 _n ellp1=92)
ro€'¥z 19

Urak: npu ymmosrcenuy, 068Yx KOMNAEKCHOIT YUCEA UT MOOYAU NEPEMHONCA-
WOMCA @ AP2YMEHMBL CRAAIDEAIOMCA.

Mojysib 1 apTyMeHT CBS3aHbI ¢ IeHCTBUTEIBHON M MHUMOM JacTIMU CJIe-
JTYTOIITIMHI COOTHOITEHISIMIE:

x =rcosp = |z|cos (Arg z),

. . (17)
y =rsinp = |z|sin (Argz) .

Haiiem aprymMeHTBI U NoKasaTe/bHble (pOPMbI 3aIllUCh HEKOTOPHIX KOM-
IJICKCHBIX YHCeJI:

—5=5-e": i=1-¢"? Arg(i)={n/2+ 27k |k € Z};
. T . s . i
arg(2 — 2i) = = Arg(2—2i) = =+ 27k |k € Z 12— 2i =22

Orobpaxkenne z — €'¥ - z gBJISIETCS TOBOPOTOM KOMILJIEKCHOM IIJIOCKOCTH
Ha yros ¢ € R.
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12 N3BjeyeHue KopHeit

,ZLPYFOG IIpUJIOZKEHNe KOMILJIEKCHOI SKCIIOHEHThI — penicHue ABy1JIEHHOI'O ypaB-
HEHUY OTHOCUTEJBbHO HEM3BECTHON Z:

2" = w. (18)

3/ech w — Kakoe-jaubo 3ajlaHHOe KOMILJIEKCHOE YHCJIO0, a N — HaTypaJibHOe
qncso. Ecom w = 0, o z = 0. Muade, 3anumieM w B IoKas3aTe/bHOI (Hop-
Me: w = re’, rae r = |w|, a 4uCIO  — OIHO U3 3HAYEHHUI apryMeHTa
KOIIJIEKCHOTO 4HciIa w. SlcHo, uto z # 0 B aToM ciydae. Ilycrs z = pe'? —
nmokasaresibHast hopMa 3ammcn. Toraa

n

p
ny =o@+2rk (keZ).

. . == /]"’
S=w & Pl =re¥ o

CresoBarenibio, p = {/r — apudMeTHyecKuii KOpeHb n-oii crerneHn u3 r,
ok
a ) = £T% Bee passmdnble KOMILIEKCHBIE KOPHE HOJIYUUM, €CJIH IeJI0e

n
qncio k upoberaer 3Havenus 0,1,2,...,n — 1, T.e. Bce pa3jniHble OCTATKH

OT JleJIeHUs Ha HaTypaJibHOe Jucjo n. /leiicTBuTeibHO, ecjin k CpaBHUMO C
m 110 MOJLYJIIO M, T.e. kK = m + n - ¢ JUIsi HEKOTOPOT'O TEJIOT0 YUCa ¢, TO

i(o+2mm)

i(p+2mk) i(e+2mm) . i(e+2mm) .
e n  —e n +2mqi e n . 627qu —e
Torna
ip i(p+2m) i(p+2m(n—1))
pen . pe no . ....pe  n (19)

— Bce pazymuHble KopHu ypasHenus (18). OHu pacrosioykeHbl B BEPIIMHAX
[IPABUJILHOT'O N-YTOJBHUKA, BIIMCAHHOTO B OKPYZKHOCTb PaJINyca O C IEHTPOM
B HavaJie KOOPJIMHAT.

ITpumep 12.1. Bouruncium n mnzobpas3uM Ha KOMILIEKCHON TIJIOCKOCTH BCE
KOpHE 13 -8 (cM. puc. 7):

ok ok
J—8=12 COSHTW%—iSinHTﬂ 1k =0,1,2 :{—2,1i\/§¢}
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-3i¢

Puc. 7: Kopnn ns -8

Onpe/ie/ M MHOTO3HAUHYI0 (DYHKINIO /W, CTABSILYIO B COOTBETCTBHE
KaKJIOMY KOMILJIEKCHOMY YHC/IYy W MHOYKeCTBO perenuii ypasaenust (18).
CuiesryeT oTJim4aTh 3Ty MHOTO3HAYHYIO (PYHKIMIO OT apuMeTHIeCKOro KOp-
na n-oii crenenu {/r. Tak, nanpumep, v'1 = 1, no v/1¢ = {£1, +i}.

ITpennoxkenue 12.2. Bce Komnaexchvie Kopru n-ot cmenenu u3 edurubl
00pa3yIom YUKAUNECKYI0 nodepynny 2pynnot S.

2mki
Joxaszamenvemeo. Ilepeancanm 3/1eMeHTBI 9TON OATPYTIIIHI — {e n | 0<k<n-— 1}.

2mki ; .. )
Kopenb e n = cos 2K 4 jgin 2k
n n

HoLM KopHem JiJist 3Toil rpymnbl. OTciofa cjejayer, 9To IPOU3BeJIeHNEe JIBYX

ABJIETCH 00PA3YIONUM WA NPUMUMUG-

KOpHeIT N-0ii CTeleHn eCTh CHOBA KOPEHb N-0ff cTeleHn 1 00paTHbIN 9JIEMEHT
K KOPHIO N-0if CTeTeHN TaK:Ke Oy/1eT KOpHEM N-Oif CTeleHH. [

Perenns KBajpaTHOrO ypaBHEHU
az’? +bz+c=0 (a,b,c € C;a #0) (20)
MOXKHO HAXOJIUTh 110 M3BECTHOI IIKOJIbHON opMy.ie
—b+ Vb — dacc
2a

B ommane or "mkosbHoi Teopun" dopmyita (21) npumennma B J1000M CITy-
qae.

2’172 = (21)
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ITpumep 12.3. Pemum ypasnenue 22 + 6z + 13 = 0:

—6 —16 —6+t 40
212 = +2 L 5 Z:—3i2@'

3aMeTuM, 9TO KakK U II0JIOXKEHO 110 Teopeme BuerTta, cymma KopHeil paBHa, -0,

a 1pou3BejieHre paBHO 13.

3AJIAYN

1. Haiitn ,ZLGﬁCTBHTeJIbHYIO 1 MHUMYIO 9aCTh KOMIIJIEKCHBIX YMCEJI, 3aJaH-

HBIX B MTOKa3aTe/bHOI (hopme

s

a) 2™ b)) 5Ser, ¢) es

2. Haittu vic, Ve, V=2 + 2i¢, V3 + 4ic.

3. Pemuts ypasuenust naji nojiem C:
a) 22 +424+29=0, b) 2*+322-4=0, ¢) 2°+2=0

d 22+1=0, e 22+(3+2)z+1+3i=0

4. 3amicarb B IoKazaTeJabHOI (hopme KOMILIEKCHbIe dncia —7, 3i, 1 — i,

V3 +i

0. HapI/ICOBaTb Ha KOMILJIEKCHOII ILJIOCKOCTH JIMHUN, 3aJaHHblE PaBEHCTBOM

a) %<argz<g, b)2§\z|§3,0§argz§g

13 Muoro3uaunbie pyHKITAN

Panee y»e oTMedaoch, UTO MH0203HAYHOU PynKUUET KOMNAEKCHO20 ne-
PEMEHH020 HA3BIBAETCA MPABUJIO, B CUJIY KOTOPOTO KaxKJIOMYy 2 U3 00JIaCTH
onpejenerusi D cTaBUTCS B COOTBETCTBUH HECKOJIBKO (BO3MOZXKHO OECKOHEU-
HOE JKCJI0) 3HaueHnit w. MHaue takast MHOTO3HAYHAs (DYHKIIUST HA3BIBACTCS

MHO20AUCTNHOU.
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[Tpumepamu MHOTO3HAUHBIX (DYHKIIMI sIBISIOTCS aprymMeHT Argz u Ko-
perb n-oit crenenu /zq. st nekoropeix obmacreit D C C MOXKHO Bbl/Ie-
JINTH BETBb MHOTO3HAYHON (PYHKINU C COOJIIOJIEHUEM HEMPEPBIBHOCTH WJIH
AHAJIUTUIHOCTH, & JJIsd JIpyrux Her. Tax Hampumep, juid odsactu D Ha pu-
CyHKe 8 BbLJIEJINM OJIHO3HAUHYIO BeTBb 1)(z) = arg z + 2mk, dyukiuuu Arg z.
3nech k, — 1es10e 4uco, KOTopoe yKa3aHO Ha PUCYHKe B TO# dacTu 00Jia-
ct D, B KOTOPOIT JIEZKUT KOMILJIEKCHOE YUCI0 2. e 2 JiesKuT Ha rpaHuile,
TO Gepercst J11000e n3 JIBYX BO3MOYKHBIX IeJIbIX 4dncesl. [locTpoeHHast Takmm
00pa3oM BeTBb OYJIeT HellpepbIBHON (yHKIMe. Ternepb MOYKHO IIOCTPOUTH 1
AHAJIITIYIECKYIO BETBb MHOIO3HAYMHON DYyHKIME /Z¢ B Toif ke obmactn D —
Y/ |z] exp @
coOJTIOJIEHeM aHAJTUTUYHOCTH, HEBO3MOXKHO.

. BameTuM, 9TO Jist KOJIblia 7 < |z| < R Takoe mocTpoeHue, ¢

ly

-1
0 —1

D

Puc. 8: Beienenne BerBu MHOTO3HAYHON (DyHKINN Arg 2

OcHoBOII Bcex TpaHCIEHIeHTHBIX (DYHKIINIT sIBJISETCST KOMILIEKCHAST 9KCIIO-
HEHTa, II0JJ0OHO 9TOMY OCHOBOII MHOIO3HAYHBIX (DYHKINI B TeOpun pyHKINIA
KOMILJIEKCHOI'O IIePEMEHHOI0 SIBJISAETCS KOMNAEKCHBIT A02aPUPM — PYHKITHST
obpaTHasl K KOMILJIEKCHON 9KCIIOHEHTE:

Inz={weCl|e"==z2}. (22)

Ecim 2z = x — nonoxKuTeabHoe AefiCTBUTEIHHOE YICI0, TO B CUJIY MOHOTOH-
HOCTH JIeHCTBUTEIbHON (DYHKINU €Y, CYIIecTBYeT TOJIBKO OJIHO JIeHiCTBUTE b
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HOe Yncj0 B MHOKecTBe Lin x. OHO HA3bIBAETCST HAMYPAALHOIM A02GDUPMOM
yucaa r M 0bo3Havaercd In x.

CBoiicTBa KOMILIEKCHOTO JIOTaprMa TaKOBbI

CsoiictBo 13.1. Obsracmo donycmumuir 3naverutl so2apupma — 6ce Hemy-
AeBbE KoMnaekcHoe wucaa. Eeau z = re'?, 2der = |z| u p € Arg z, mo

Lnz={lnr+i(e+27k) |k € Z}
CsoiicTtBo 13.2 (mpousBognast siorapudma).

1
(Lnz) = -.
z
Joxazamensvcmeo. duddeperimpyem JIeByI0 U paBylo 9acTh COOTHOIIEHU

e’ = z, cunrag w dyukiueit or z. [Mogywaem: e* - w., = 1, orkyna w!, =

11
=1 0

e’LU
Crestyrolnee ¢cBONHCTBO BBITEKACT U3 OCHOBHOIO (DYHKITMOHAJIHLHOTO COOTHO-
IIEHUS JJTA SKCIIOHCHTHI.

CaoiicTBo 13.3.
Ln(z; - 29) = Ln z; 4+ Ln 29; Inz" =kLlnz (k€Z)

Ipumep 13.4. Boraneaum: Ln(—1) = {mi(1+ 2k)}, Lni = {Z + 27ki}
(keZ).

C momoImpbo KOMILJIEKCHOTO Jiorapudma MOYKHO OTPEJIC/IUTh CTENEHb JTI0-
60T0 HEHYJIeBOIO KOMILJIEKCHOTO YMC/Ia C JTIOOBIM KOMILIEKCHBIM TTOKA3ATEIEM:

21* = exp(ze Ln z7)

Jutst Jii00eIX 21 € C*, 29 € C.
IIpumep 13.5. i* = {e_”/z_%k |keZ}.

B wacrnocru, /z¢ = 21/ Todmee mMeeT MECTO CIIeLYIONIee CBOHCTBO
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CsoiicTtBO 13.6. J4A 6CET HEHYAEEVT KOMNACKCHBLT YUCEA UMEENM, MECTO
PABEHCMBO!

L
Ve = 2" = exp (£> :

n

Onpenenmm Tenepb oOpaTHbIE TPUTOHOMETPUYECKHE U OOpaTHbIE THIIep-
bomaeckne (PyHKITNN:

Arcsinz = {w € C| sinw = z}; Arccosz = {w € C| cosw = z};
Arcshz ={w € C| shw = z}; Arcchz ={w e C| chw = z};
Arctgz = {w e C| tgw = z}; Arcthz ={w € C| thw = z}.

Ncrob3ysi KOMILIEKCHBII JlorapudM, yeTaHOBUM (POPMYJIBI [T BBITHC/IE-

HUI 9TUX MHOTO3HAYHBIX (DyHKINi. Haunewm ¢ permenus ypaBuenust ch w = z
OTHOCHUTEJILHO w. 3aMeHssd ( = €| CBOJUM 3TO ypaBHeHUe K KBaJPaTHOMY
(2 —22( + 1 = 0, pemenna xKoroporo cyTh: { = z + V22 — 1¢. Iomygaem
OKOHYATEJIbHO:

Arcchz = In(z + V22 — 1¢).

Arccosz = —iIn(z + /22 — 1)c;
Arcshz =Ln(z + V22 + 1¢);  Arcsinz = —iLn(iz + V1 — 2%¢);
1. 1+=2 1. 1+az
Arcthz = - LL +1); A =—L +1).
rcth z s LnT— (z #+1); Arctgz 5 L — (z # +19)

ITpumep 13.7. Borauciamm:
Aresin2 = {7 /2 + 2k — iIn(2 £ V/3)}.
Arctg2i = {r/2 +iln3/2 + wk}.

AHaJOrn4HO:

3AJIAYUN

1. Boruncsurs a) Ln(—5), 6) Arcsin(—3), B) (1 + 1)
2. Pemmts ypaBuenne cos z = 2.

3. Haittn Arcsini.
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14 HMuarerpupoBanmne pyHKINN KOMILJIEKCHOIO
IepeMEeHHOr 0.

KpuBble Ha KOMIIJIEKCHOI TIJIOCKOCTH

Onpenenenune 14.1. I[Tymem nnn xpueot L Ha KOMILIEKCHOM IIJIOCKOCTU
HasbIBaeTCs oTobpaxkenne z = z(t) = x(t) + iy(t) orpeska JeicTBUTETHHOT
npsamoii [a, 3] B komiutekcuyto miockocts C. Touka z(«) naswiBaercs wava-
aom nymu L, a Touka z(3) — e2o0 koney. IlyTh L Ha3BIBAETCS 3aMKHYMbIM,
ecJI Hadasio coBiajaer ¢ Kouiom. Obpas orobpazkenust z(t), T. €. MHOXKECTBO
{z(t) | t € [a, B]} nHasbiBaeTcst Hocumenem xkpusot L.

Kpusasi L nasbiBaercsi Henpepwienot, ecan gynukunun z(t) u y(t), a mem
cambiM 1 byHKIUs 2(t) HenpepbiBHbL. [IyTh L Ha3bIBaCTCS 2400KUM, €CITH CY-
IECTBYET, HEMPEPbIBHA U OTJIMIHA OT HYJIs pousBoaHas 2’ (t) = o' (t)+vy'(t)i
B J1t0060it ToukKe t € [, (]; I 3aMKHYTOTO My TH JIONOJTHUTETHLHO TpedyeT-
cst, 9TO OBI OJHOCTOpOHMIE MponsBombie 2 (o) u 2'([) cosnaganu. [lyts L
HA3BIBACTCS KYCOUHO 2Aa0KUM, €CIIU CYIIECTBYeT pasduenne a = qy < a1 <
ay < ... < a, = [ orpeska [a, (] Takoe, 9TO Ha KayKJOM OTPe3Ke [ 1, o]
nyTh L TajioK.

Ecmm ¢ : [/, f'] — [, B] — HenpepbiBHOE 11 OHEKTHBHOE OTOOPAYKEHNE, TO
dbyuxiust z((s)), rae s € [of, f'] Takxke 3amaer nyrs L. Takast nporey-
pa Ha3bLIBAETCS 3aMEHOM IapaMerpa. 3aMeTHM, YTO JHeiHoe oToOpaskenue
Y(s) = %(s — o) + « buekTuBHO TEepeBOIUT OTPe30K [, 3] B oTpesok
[, 5]. MokHO oTpeieinTh OTeparnuio CJI0KEHNsT HaJl JiyraMit KpuBbix. O1n-
caresbHo, cymma L+ Lo o3HauaeT, 94To cHavaia MpoxXoauM IyTh L1, a MOTOM
nyTh Lo. st bopmasibHOrO ornpejnenenus cyMMbl Lq + Lo cHadasa mnapa-
METPU3yeM STH KpuBble Tak, 910 Ly : 2z = 21(t), t € [a, ] u Ly : 2 = 29(t),
t € [8,v]. Torga, no onpenenennto, nytb Ly + Lo 3a1aercs GyHKiueit

21(t), ecmnt € [, f];
2(t), ecmut € 3,7,

2(t) =

st Beskoit jyrum KpuBoit L MOXKHO IOCTPOUTL Jyry L~ , HPOXOAUMYIO
B10J1b L o7 KoHIa 110 Hadana. Dopmasnbho, ecin 2(t), a < t < [ — mapamer-

pusarnus myTu L, To z (ﬁ (1 — %) + oz) — rapamerpusaius 1yt L.
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ITpumep 14.2. OKpyKHOCTH pajyca p ¢ IMEHTPOM B TOUKE 2, [IPOXOINMasT
OJMH Pa3 NPOTUB YaCoBOi CTpeJIKK 3aaercs Tak: z(t) = zg+ pel n 0 <t <
2. DTO0 IiIaJIKUil HENPEepPBIBHBIH 3aMKHYTHI 1myTh. OO03HA4YNM €ro c,(2).
IIyre c,(20) + ... + c,(20) (k pa3), 1. e. k pa3 npoxojumast OKPYKHOCTb
3aJ1aeTcs Toi ke yHkuueit, Ho t € [0, 2wk].

ITpumep 14.3. I'parnma kBajpata 0 < x < 1,0 <y < 1 - cymmMa 0TPe3KOB
L1 + L2 + L3 -+ L4, rjie

Ly:z(t)=t;, Lo:z(t)=1+it; L3:z2(t) =1—t+1i; Ly:2(t) =i(1-1);

n napamerp t MeHsiercs Bciogy ot 0 jgo 1. ['panuna kBajpara — 3aMKHYTBII,
HEIPEePBIBHBIN 1 KyCOYHO IJIQIKHNI, HO HE TJIAJKUN IIYTh (CM. puc. 9).

['panuiia obsracTit Beerga IPOXOIUTCs Tak, 9TO 00JIACTb OCTAeTCsl CJIeBa.
DTO MPABUJIO 33T OPUEHTAINIO I'PAHUIIBI.

ITpumep 14.4. Pacemorpum kosbrio 1 < |z — 29| < R. Ero rpamuma —
KYCOUHO TVIQ/IKN{T, HO He HEIPEPBIBHLIN Iy Th. OHa COCTONT N3 CyMMBI ¢, (2)~ +

cr(zp) (eMm. puc. 9).

Puc. 9: Kycouno riiajikue Kpusble.
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Onpe,ue.neHI/Ie 1 CBOICTBa nmHTerpaJia

[lyers L@z = z(t), a <t <  — kpuBast. Paccmorpum pazbuenue ompesra
[, B] ¢ ommenernnvimu moukamu:

a=ty<tr<...<tha<t, =0 et (1<j<n)
Hapamempom pa36ueHu.ﬂ Ha30BEM HEOTPUIATE/IbHOE ,ZLefICTBI/ITeJIbHOG YUCJIO

A= 121]?1%}% ‘tj — tjfl‘ .

O6osnaunm Az; = 2(t;) — 2(tj—1). Ecam nyts L HenpepbIBeH, TO U3 COOTHO-
mennst A — 0 caegyer, aro max [Az;| — 0. [Ipexnosnoxim, 1ro Ham 3aaHa
J

dbyukist f(z), onpejesieHHast Ha MHOYKECTBE, COJIEPKAIIEM HOCUTENb KPU-
Boit L. CocTaBuM uMmMe2pasvHy1o cymMmy:

=N

f(2(&5))Az;.

.

o

j:
Onpenenenune 14.5. Humeeparom pynryuu f(z) no xpusoti L HasbiBaeTcst
1peJie/l THTerpajJbHbIX CyMM, €C/IU IapaMeTp pasdueHust crpeMuTcs K 0:

[ s iy > 125

CdhopmynupyeM 6e3 jloKa3aTeIbCTBa CTaHIapTHBIE CBOMICTBa MHTErpasia

CsoiictBo 14.6 (qmueitnocts). Jlaa aobvr a,b € C u aobvx gynryud
f(2), g(z) unmeepupyemvix no kpueot L umeem mecmo paseHcmeo:

/(af(z)—|—bg(z))dz:a/f(z)dz+b/g(z)dz.

CsoiictBo 14.7 (agautuBHOCTD). FEcau dynkyus f(2) unmeepupyema no
cymme xpuswvir Ly + Lo, mo ona unmezpupyema no xasxncdot xpueoti u

/ f(z)dz=/f(z) dz+/f(z)dz.

Li+Lo

49



CsoiicTtBo 14.8 (u3menenue 3uaKka). Feau gynxyua f(z) unmezpupyema
no xkpusotl L, mo

/f(z) dz = —/f(z) dz.

L- L

Omnpenesienne 14.9. Jlaunot xpusot L : z = z(t), a <t < 3 HazbiBaercs
TOUHAS BEPXHsAs TDAHb CyMM oy |2(t;) — 2(t;-1)| 10 Beem pasGuenusam o =
to <ty <...<t,=p orpeska [, J].

B kypce anamm3a JIeficTBUTEILHON ITepEMEHHOI JI0Ka3bIBACTCs, UTO JIJIMHA
KYCOYHO-IVIQJIKON KPUBOH CyIIeCTBYeT (T. €. Takas KPUBAS CNPAMAACMA) W
BbIparKaeTcd CIeIYIONIM NHTEerpaIoM:

B B
/ dz| = / ()| di = / VIR g0t (23)

Borauncmm JnHy e TMHIYHON OKPYZKHOCTU:

2 2T

mmaa(S) = / i - e"| dt = /dt = 2.

0 0

Urax: wucro "nu’" pasrno noasosume oaunve eQuHuMMHOT OKPYHCHOCTIU. DTO
eCTb PeoMeTpUIecKuil cMbIc dncia "mm'.

CsoiictBo 14.10 (omenka unrerpasa). lyems |f(z(t))] < M das aro-
6oz0 t € [a, B] enpamasemots kpusot L. Tozda

/f(Z) dz| < M - dnuna(L).

Ecnu yuectn, urto dz = dx + tdy n
f(2)dz = (u+ w)(dx + idy) = udx — vdy + i(udy + vdzx),

To opmysia cBejienns unTerpaia GyHKmun f(z) K KpUBOJMHEHHBIM UHTE-
rpaJjam MmoJy4aeTcs: TaKoil:
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/Lf(z) dz = /Ludx —vdy +1 / udy + vdw. (24)

L
B wacrnocTn, u3 310t POpMYJIbI BBHITEKAET, YTO €CI KpuBas L KyCOUHO-
riajikast, a f(z) Kycouno-nenpepbisia, To unrerpan [, f(z)dz cymecrsyer.
Benomunast popMyity cBejieHnst KpUBOJIMHEHHOro nHTerpaa K Olpe e/ eHHo-
My uHTerpajy, noaydaeM u3 (24) dopmysty st BBIYUCIEHUS HHTErpaJia 1o
KPUBOIA:

B
/ f(z)dz = / F(2(6)2(2) dt. (25)

Buech L=z = z(t), a <t < [ — ruaJikast Kpusas, a pysxiwst f(z) mpejino-
JlaraeTcsd HelpepbIBHOI.

dz
Breraucamm naTerpaJibl §| 7, TAe I~ HATYPAIbHOE THCIIO, KOTO-

z—zol=¢ (2—20
pbl€ I1032KE HOH&AO6HTCH JJId IITPpeacTaBJICHUA ®YHKHHH B BuI€ CYMMbBI pPgAda.

21w " 2w
(3
dz [dlzotee”) [ a—ny
V= — o =1-€ € dt
(z — zo)" (eeit)n
|z—z0|=¢ 0 0
Ecsm n = 1, To 9TOT MHTErpaj paBeH 27, nHaUe OH paBeH HyJo. MTax:

f{ 9 =1, f{ = o (26)

(z — zo)" z— 2
|z—zo|=¢ |z—zo|=¢

Kaxk ciieictBue mosydaeM: ecau 7y, — okpystcnocms |z — zg| = €, npoxo-

dumas npomue Yaco601 CMpenxu k pas, mo Zﬁi = 27ka.
0

Yk

3AJTAYN

1. Boruncimthb f ;Im zdz, ecim nyTs L aBisgerca a) NPsAMOIMHEHHBIM OT-
PE3KOM, COoeuHSAONIM TouKy 0 ¢ Toukoil 2 + 4, 6) cymma oTpeska,
coequngronero 0 u ¢ u oTpe3ka, COeIMHAIONIETo ¢ 1 1 + 2
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2. Borancours [, |z| dz, ecin my s L siBisieTcst a) IPAMOTHHEHHBIM OTpes-
KOM, COeJIMHSIFONINM TOYKY -1 ¢ TOuKoii 1, 6) MOJyOKPYKHOCTD PaJIyca
1 ¢ eHTpOM B HavaJIe KOODJIMHAT, JiezKalllas B BEPXHEHT OJIYIIIIOCKOCTH
(Touka -1 siBJISIeTCST HAYAJIBHOI )

15 Teopema Koin

OHOCBA3HBIE 00JIaCTH. YCJIOBHE IMOTEHIINAJIBHOCTHI

HaJjiee OyayT paccMaTpUBaThCs TOJIBKO TaKie 00/1aCcTH, Y KOTOPBIX IPAHUIA —
KYCOYHO IJIa/[Kagd KpUBag, KaK HallpUMep, BHYTPEHHOCTh KpyTra U KBaJpa-
Ta mwin KoJibla. O0macTb D HA3BIBACTCS C8A3HOT, €CJIN JIJIsl JIIOOBIX €€ TOUeK
21 U Z9 HallJIeTCs HEIIPEPBIBHBIN Iy Th L, TIEJIMKOM JIezKalluii B 9Toil 00J1acTh 1
COEJINHAONINI TOUKN 21 U Zo. Bojiee »kecTkoe TpeboBaHue — 00HOCBAZHOCND
00J1acTu, TOT CJydail Korja rpaHuiia odjiacTi ojiHa HelpepbiBHAs KyCOYHO
raJiKasi Kpubasi. IIpuMepoM ¢Bs3HOI, HO HE OJTHOCBSI3HOI 00/1aCTHU sIBJISIETCH
KOJIBIIO.

HamowmmM, 1T0 BekTOpHOE 10JI€ Ha MIOCKOCTH Oy — 9TO MPABUIIO, CTa-
Bsilllee B COOTBETCTBUE KaxK[oit Touku (z,y) obmactu D Bektop F(x,y) =
(Fy(z,y), Fy(x,y)). Hanee 6yner npnmensatoes dopmyrta ['puna jyist ojHo-
CBA3BHOI objtacTu D:

oF OF
F.d F dy = T Y ) dad 27
ng v Ly dy //D gy ox ) WY (27)

Hamomunm Takzke, aro ckajisphas Gynkinusg $(x,y) Ha3bIBaeTCS nome-

yuasom eexmoprozo noas F, ecin ee mosabil qudhepeHimal coBiagaeT ¢
anddepennnanbuoit hopmoit F dx + F, dy, T.e. g—i =F, u %—(ZI; = F,.

Caedyrowgue ycarosusa oada eexmoprnoz2o noas F axeusasenmmo:
1. KpusosunetinvIl uHmezpan me 3asucum om Gopmor Kpueol;
2. KPUuBOANUNETHBLT UHMEZPAA NO AI0OOMY 3AMEHYMOMY KOHMYPY pacer 0;

3. cywecmsyem nomeryuan.
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Ecau obaacmo 0(9H066ﬂ3H&, mo samu Ycaoeud IK6UBAAEHTIIHDL CJL€dyTO’u4€My.'

o8, _ oF,
oy Oz’

[Iycte dyuxiust f(z) = u(x,y) + iv(r,y) aHaauTH4HA HA 3aMKHYTOIl
OrpaHMYeHHON MHOTOCBsI3HON obsiactu D, u L — 3aMKHYyTast KyCOUHO IJIaI-
Kasi Kpuasg. [IpeoOpasyst mHTErpas fLud:U — vdy o cdopmysie I'puHa K
JBOMHOMY MHTErpajly U y4YuTbiBas yciaosus Komu-Pumana, mosydaem, 4ro
3HAYEHUE STOrO MHTErPaja PaBHO HYJIO. AHAJIOIMYHO JIOKA3BIBACTCS PaBEH-
ctBOo §, udy + vdx = 0. Utak: unmezpar no 3aMEHYmMOMY KOHMYPY om
anasumuveckoti Gyrnryuy 6 00noceasnot obaacmu pacer (. DTO eCcTh Teo-
pema Ko jijist 0HOCBA3HOI 06/1aCTH.

Teopema 15.1 (Kormu sy MHOrOCBsI3HOM 061actn). Himeepas no sa-
MEHYMOMY KOHMYPY OM AHAAMUMUYECKOT PYNKUYUL 6 MHO020C6A3H0T 0040~

cmu pasen (.
7{]‘“(2) dz = 0.
oD

Joxazameavcmeo. Paspesasi, MOXKHO IIPEBPATUTh MHOI'OCBSI3HYIO 00JIaCTh B
ojnocBasnyio. Tak, Hanpumep Ha cjejyioneM pucynke [) — nBycBg3Has 00-

Puc. 10: Pa3zpe3zanne MHOroCBg3HOI 06/1acTH

JIACTH, OTpAHIMYeHHAsT JBYMSI DJIQJIKIMI KpUBbIMU Ly 1 Lo. Tem cambim 0D =
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Ly + Lo. Pazpesas 3Ty 00JaCTh IO KPUBOI 7y, TOJIyYaeM OJIHOCBA3HYIO 00-
nactb D\ v ¢ rpanuneit Ly + Ly + v + v~ . Unarerpas ot dyukunun f(z) mo
9Toit rpanure pasen 0 o mpejblaymieit Teopeme Komm. Tora

an(Z)dZ: 8Df(2)d2—|-/Vf(z)dz—F/Tf(z)dz:jg(D\wf(z)dz:O.
]

Bpruncienue mHTErpaJjia oT aHaAJUTUYECKOl (pyHKINM

Ecu uarerpas ot dyskiun f(z) 1m0 BCIKOMY 3aMKHYTOMY KOHTYDY, PACIIO-
JIOKEHHOMY B HeKoTopoii obsiact GG pasen 0, To MHTerpaJ 10 BCIKOIl j1yre,
HaxoJdIelics BHyTpH obacT G 3aBUCUT TOJBLKO OT TOJIOXKEHUS HadabHOT
1 KOHEYHOI TOUKN. PaceMoTpum mHTerpas Kak (OyHKITIHIO BEPXHEro Ipejiesia;

- / £(0) dc. (28)

urerpupoBanne 31ech NOAPA3yMEBACTCA 110 JIIOOOMY IIyTH, JIEKAILEMY B 00-
gactu G U COEJIMHSIIONIEr0 TOUKHU zg U 2. Jlokaykem, uro dyukims F(z)
anaquTuaHa B objtactu G, u F'(z) = f(z) (rakas QyHKIMsI HA3BIBAETCHA
nep6oobpasnoti das Pynxyuu f(z)). BaMeTMM qT0 JICHCTBUTEILHO3HAUHAAL

f ) U dx — v dy — MoTeHIAaJ BeK-
(z.y)

dbyukusg aByx nepemenusix ®(x,y)

TopHOTO 110151 (U, —v), a dyukims V(x,y ) = f( g dx + u dy — norennual

L0,Y0
BekTopHOTO 107151 (v, 1). Torma
O(® + i) | O(® + i) |
—— = u + 1w, — = —0U + 1,
Ox oy

OTKY/Jla W cjeayeT pesyabrar. Orcioma norydaem popMmysry i QyHKITHT
KOMILJIEKCHOI'O IIepeMEHHOr0, anajiorndnyio gpopmyse Hoiorona-Jleitonuma:

/ F(2)dz = F(z) — Fz1) = F(2)| (20)
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ITpumep 15.2. Boraucaum unTerpal

ki O
, , ecsim k yetHo
/ ez dZ — ez z)rkz: ewkz . 60 _ { ) y
0

—2, ecym k HeueTHO.

16 MWurerpaabnasa dpopmyna Komom

[Iycte f(2) ananuruyana Ha 3aMKHYTOI obsiactu D ¢ rpanuteit L = 0D. Bol-
OepeM TOUKY a BHYTpH obsacti G 1 pACCMOTPUM KPYT |z — a| < p neankom
snexxatnuii BHyTpu obsact D. O6o3HauNM depes ¢, OKPYyKHOCTD |2 — a| = p,
IPOXO/IMMYIO OJINH pa3 MPOTHB 4dacoBoil crpenku. Torma mo Teopeme Koru

f(z) z)dz f(2)dz
- . (30)
e[

nmMeeM:

Z—a Z—a

L+-c, Cp

B cuny HenpepoiBHocT dyrkunu f(z) mist jroboro € > 0 Haiigercs p =
p(e) > 0 rakoe, uro |f(2) — f(a)] < € ;s JOOBIX 2 HA OKPYZKHOCTH C,.
Orcroga mojydaeM OIEeHKY:

f(z)dz . <
¢, 20 ¢, 2@ Z—a
£ £
< — . ymHa(c,) = — - 2mp = 27e.
p p
B cuiy coornommenns (30) u paBencrsa f f = 27if(a) (cM. uHTErpasIbl

Brjia (20))), orcroa n3BIeKaem HepaBeHCTBo

f(2)dz

L < —0a

< 27e.

2mif(a)

[Tepexosist 3j1ech K npejeny € — 0, mojydaeM umnmezpansvhyio gopmyay Ko-
w

f(2)dz

211 J; z—a

fla) = (31)
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nrerpasbiyio popMyny yao0HO TIEpenucaThb B BUJIE

fo - L [0

2w f, (—z

, (32)

rjie ( — mepemMeHHast, mpooerarolias rpanuity obsactu D, a z — jiobas BHYT-
pennsist Touka obsactu D. Torga dhopmy Kommu (32) Boipazkaer cieyroruii
daxT: snauenue anasumuveckoti GyHKUUL SHYMPU 004ACMU OOHOZHAYHO
onpedeomea 3HAUEHUAMY Ha 2panuye amoti obaacmu. Hudgero mompodHO-
0 JIJIsl ITPOU3BOJILHOM OecKOHeYHO JinddepeHnupyeMoit (pyHKINKT JIBYX J1eii-
CTBUTEIbHDBIX [TEPEMEHHBIX MECTa HE MMEeT.

[IpumenuM mHTErpasbHY0 (opMysy Korja L — OKPY»KHOCTh pajanyca R
C IEHTPOM B TOuKe 2 = a. YuuThiBag, uto L : 2 = a+ Re® (0 < o <27) n
dz = Rie'?dp, nonyuaem:

21

fla) = % [ flas R, (33)

B mpagoii wactu crout cpeduee unmezpanvhoe 3nauenuti dynrkyun f(2)
na oxpyotcnocmu L. Otcrona BhITEKaeT MPUHITAII MAaKCUMYyMa: MOOYAb
GYHKUUY OMAUNHOT, 0M NOCTOAHHOT U AHAANUMUYHOT 68 HEKOMOPot 0040~
cmu, He Moxcem Hu 6 0010t sHymMperHet mouke Mot 00AaCMU NPUHUMAIMD
MAKCUMANLHOE OAS8 IMOTE 00AaCTU 3HAMEHUE.

dopwmyia JiIg UHTEIPAJIBLHOTO TPEJICTAB/IEHNs TPOU3BOTHBIX BBICIIINX I10-
psiikoB dyukImn f(z) nonydaercs auddepeniuposanem (32) mox 3HAKOM

MHTErpaJia;
FO(2) = n! /L(f(C)dC | (34)

- 2mi ¢ — z)ntl

17 Pan Teitiopa

Pacemorpum dyukimo f(z) aHAINTHIECKYIO BHYTPH 3aMKHYTOTO Kpyra D
C TIEHTPOM B TOuUKe a. Torma Jijis J1io00i BHYTpEeHHEHl TOYKHU z 9TOTO Kpyra
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nMeeT MeCTO paBEHCTBO

f) = 27172' / fC(C_)iC.
oD

[Ipeobpazyem:
I 1 B 1 B
C—Z_WC—M—%Z—M_Xg_@(1_§@__
_ _ 4)\2 _\n
:1—|—Z a+(z a) +...—|—(Z—a>+...

(—a (C—a) (€ —a)"

[Tousennoe uaTerpupoBanue gaet pad Tedropa dyrnkuyuu f(2):
f()=co+ci(z—a)+e(z—a)+.. . +ealz—a)"+ ..., (35)

rie

Cn = N
271

g _ ") (36)

C-a

13 npuBejieHHBIX BBIIIE MPeoOpa30BaHMIl CJIE/IYeT, UTO paduyc crodumocmu
pada Tetdropa paser paccmosruto om a 0o baustcatiweti 0cobott mouxu, m.
e. MOYKU 8 KOMopotl Hapywaemcs anaisumuyrnocms gymruuu f(z).

IMpengoxkenune 17.1. Hycmo |f(2)] < M na oxkpyostcnocmu |z —al = p
paduyca p. Tozda |c,| < pMn.

/loxazamenavcmeo. [leficTBUTEIBHO,

cn| =

1 f(¢)d¢ 1
27 / (¢ —a)" ! S%'

|(—al=p

Teopema 17.2 (JImyBusuis). Anasumuveckas U 02panuvernas Ha 6cel
KOMNAEKCHOT NAOCKOCU PYHKUUA MOAHCEM OBIMD MOADKO KOHCMAHMHOT.
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Jlokasamenvcmso. Tlycrs dyuxiust f(z) anamutuana u |f(z)] < M na Beeit
I +00 n I
KOMILJIEKCHOI 111ockocTu. Ilyers Y 70 ¢, 2" — pan Teitnopa dynkimn f(2)

¢ nenTpom B Hyste. [losib3ysich onenkoit |c,| < pMn (em. mpesyioxkenne [17.1)n
yCTpeMJigss p — 400, ToJiydaeM paBeHCTBO ¢, = (0 npwu jodbom n > 1.
CrenoBaresbho, f(z) = ¢y — KOHCTAHTA. O

Kaxk CJIEACTBHE 9TOI'O pe3yJibTaTa IIoJydaeM OCHOBHYIO TeopeMy aJl-
I‘e6pr KOMIIJIEKCHBIX YHCeJI

Teopema 17.3. Jhobotli mro20unen, HE PasHBIT KOHCMaHMe, UMEEM TOMA
OvL 00UH KOMNAEKCHDIT KOPEHD.

Jlokazamenvemeo. Ilycrs P(z) — MHOTOWIEH, HE HMEIOTIHI HU OJTHOTO KOPHSI.

Torna dyuxius f(z) = % AHAJINTUYHA Ha BCEil KOMILIEKCHON IJIOCKOCTH

1 OIpaHUYeHa B CHJIy TOrO, 9TO lim ﬁ = 0 g1 Jiioboro muorowiena P(z)
Z— 00

crerienn > 1. CieoBaresibHo, 10 TeopeMe JInyBHILIS Moy IaeM, 9To QyHK-
nns f(z) koncranta. 3HaunT 1 MHOTOWIEH P(2) KOHCTAHTHBI. O

Omnpenesienne 17.4. Touka a — noav kpammnocmu n gynrwyuu f(2), anaiu-
muveckols 8 OKPECTHOCTIU MOYKY @ , €CJIA BBIIIOJHEHO OJIHO U3 CJIeTYIONINX
SKBUBAJIEHTHBIX YCJIOBUIL:

e cp=..=cp1=0muc, #0 (31ecH ¢; — KO3pbunmentsr psua Teitopa
dbyuximn f(z) B TOUKe a);

o (@)= f/(a) = . = F"D(a) = 0, 1o F)(a) £0;

o f(2) =(z—a)"g(2), rue g(2) ananuruana B Touke a, n g(a) # 0.

I3 paznoxkenust dyuxmun f(z) B Touke a B paj Teitmopa (em. (35)) u u3
dhopmyier (36) cpasy ciegyer SKBUBaJEHTHOCT MPUBEJIEHHBIX BBIIIE YCIO0-
Buil. /Ipyroe npuioxkenne pasyiozKeHns aHaIuTudeckoit pynkiun B psji Teit-
JIOpa COCTOUT B CJIC/YIOIIEM.

TeopeMa €IMHCTBEHHOCTH 1 aHAJIUTUYIECKOE IIPOJAO0JI2KeHunue

Teopema 17.5. Ecau snauenus anaiumuveckuxr 6 omxpumot ooaacmu G
dynwuuis f1(z) u fo(z) cosnadarom ma mexomopoti beckonewnot nocaedo-
BAMEALHOCTNU MOYEK 21, 29, 23, ..., crodawetica k mouke a € G, mo smu
byrryuL Mmostcdecmseerno pashov, 60 6ceti amoti obaacmu.
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Jokxazamesvemeo. 3aMeTuM CHadasIa, dTO eC/IN aHAJUTHYecKas (PyHKIINs
f(2) He paBHA TOXKIECTBEHHO HYJIIO B OKDECTHOCTH TOYKH G, TO HAaiiIeTcs
HeHyJieBoii KoadduiueHT psijia Teitsopa 3Toit pyHKIMKM. 3anucbiBas TaKyro
dbyuxiio B Bujie (2—a)"g(z), rie g(a) # 0, BuuM, 9T0 B JOCTATOUHO MAJIOf
OKPECTHOCTH TOYKH @ hyHKIWst f(z) Apyrux HyJseit, Kpome a He umeet. OTcro-
J1a TIOJTy IaeM, 9T pasHocTh fi(z)— fa(2) Toxk aecrsento pasna 0 B HEKOTODOI
OKPECTHOCTH TOYKHN a. B ¢BOIO 0Uepeib 9TO JlaeT, UTo JlaHHasl PA3HOCTH paB-
Ha 0 B Kpyre HauOOJIBIIEr0 paJinyca ¢ IeHTPOM B TOUYKE @, BMEIIAIOIIErocs B
obnactb G. [lajiee, B3B IIPOU3BOJIbHYIO TOUKY 2* € (G U COEIUHUB TOUYKH @
1 z* KyCcOYHO TVIaJIKON HePepbIBHOI KPUBOIl, MOYKHO MOKPBITH 3Ty KPUBYIO
KOHEYHOI CHUCTEMOII KPYI'OB, TaK YTO IIEHTP IIOCJIEAYIOIIEro JICKUT Ha I'pa-
HUIIE [IPEJIBIIYINEero U HEHTP MEePBOTro — TOYKA @, IEHTP MOC/IEHEr0 — TOUKa,
z*. TloceoBaTeTbHO MPOJIBUTASICH OT MEPBOTO JIO MOCJIEIHEr0 KpyTra, JOKa-
3BIBAEM, 9TO pasHocTh f1(z) — fo(z) paBHa TokecTBeHHO () B 9THX KPyTrax,
a 3HaIUT 1 B Touke z*. OTciona ciaeayer, 9to dyukmnus fi(z) TOXKIECTBEHHO
coprajiaet ¢ yukimeit fo(z). O

[Ipennosnoxkum, 4To B HEKOTOPOIi obtactu G 3anana dyukius f(z). Ecau
g(z) anamurudeckas GyHkuus B obsactu D, copeprkaineit G, u pasaasi f(2)
Ha (G, TO OHa HA3BIBAETCS ANAAUMUYECKUM npodossceruem byaxium f(z).
I3 Teopembr [17.5] cieyer, 4To aHAJIUTHYECKOE IIPOJIOJIZKEHUE €IMNHCTBEHHO.

_ 1
Hampumep, g(z) = — AB/IgeTca aHAINTHYCCKEM TPOJIOJIZKeHneM (DyHKIIH
X n o
f(z) = > 2", 3ananHoil jumib npu ycuiosun |z| < 1.

IIpumep 17.6. Oynkuus sin + anammrnana B obnactu C \ {0} u He pasua
TozKecTBerHO 0, X0oTsl 00palaeTcss B HOJIb B TOUKAX —r U 9Ta [0C/Ie10Ba-
TEJBLHOCTH CTPeMUThCst K 0 pn kK — +00. DT0, KOHETHO, He MPOTUBOPEYNT,

TeopeMe [17.5, Tak Kak mpejiesibHast TOUKa — HOJIb, He MPUHAIEXKUT 00JaCTH
1

aHaJIUTNYHOCTU CPYHKHI/H/I S111 pr

18 Pan Jlopana

[Iycrs dynkmus f(z) amamurnana B Kosbie 7 < |z —a| < R. Oboznaunm
qepes ¢, OKPYZKHOCTb PaJIyca p ¢ IEHTPOM B TOUKe a. Torja, B CHIy HHTe-
rpaJibHOl hopmyitbl Korrmm, jijist jt060it Toukn z u3 Kojblia 1 < |z —a| < R
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1IMeeT MECTO PaBeHCTBO:
_ f(Qde 1 f(Q)d¢
f(z)_Q_m CR,C—z_Zm' e, C—2

rje aucsa ' u R Beibupaem tak, uro r < r’ < |z —al < R’ < R. TIpeobpa-
3yeM IepBbII NHTEerpaJ:

(37)

z—a (z—a) (z—a)"
T (e A (e

[TouienHOE MHTErpUPOBAHEE JIACT NPASUALHYIO Yacmb pada Jlopana:

=1+

cot+c(z—a)+telz—a)l+.. +telz—a)"+...,

rie

Cn:

1 / f(z)d= _ f"(a) .
= (2 —a)

2mi Jo, (2 —a)"t Y

nr < p< R.Ilpeobpazyem BTOPOIT NHTEIPAJI:

L 1 B 1 B
(-2 (C-a)=(z=a) a)(l g__z>_
:—Zia[1+§:Z+Egizgz+...+%+...]

[TousieHHOE MHTEIPUPOBAHIE JIAeT 2AG68MHY0 Ywacms pada Jlopana

e I SN LY
z—a (z—a)? (z—a)P* = (z—a)"

o nl
27m/f az,

60
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nr < p < R. CkiaapBas IJIaBHYIO U IIpaBUJIbHYIO YacTh Jlopana, momydaem
npejcraienne dbynkiun f(2) amaanTudeckoii B Kosble 1 < |z —al < R B
BUjie cCyMMbI pada Jlopana

. C_p C_3 C_9 C_1
£(2) _"‘+—(z—a)n+"'+ (Z_a)3+ o -+
+00
+co + Cl(Z — G) + CQ(Z - a)2 + ...+ Cn(z - a)n t...= Zcm(z o a)m’
rie
1 d
on= 5 / (fozi)fﬂ (r<p<R) (38)

IpU JIIOOOM TIEJIOM M.

ITpumep 18.1. PaccMoTpuM pasiimyHble pasJyioxKeHus B psiji JIlopana byHK-

mn f(z) = m, BeiOpaB a = 0. [IpenBapurensHo 3amerum, 9aro f(z) =
1 1

z—2 z—1"
Cayuati 1 — pasaooicenue 6 kpyee |z| < 1 . Torma
1 1
— — =1 SRR
1 1_2 + 2+ 2"+
1 1 1 1z 22

CKH&,HJ:)IB&H, [moJry41acM:

(Z_1)1(2_2)=%+<1—%>z+(1—%)z2+...

Cayuati 2 — pasaoocenue 6 kKoavue 1 < |z] < 2. Torma npobsb z%lj B OTJINYNU
OT JIpodu :12, pPacKJIaJIbIBAETCA 110 JIPYTOMY:

1 1 1 1 1 1

z—1 z —% z oz

CKH&,ILBIB&H, [moJry41acM:

1 1z 22 1 1 1

(z—=1)(z —2) 2 22 28 Tz 22 28




Cayuati 3 — pazaooicenue 6 Koavue 2 < |z|. Torma u JPO0b —5 PaCcKJ/Ia/IbIBa~
eTcsd 110 JIPYToMYy:

11 1 _1+2+22+
z—2 oz 1-2 z 22 28
CrJta/IpIBast, TOJIYIaeM:
1 I S O
(z—=1)(z—2) 22 23 2 B

BaMeTM, 9TO ecJId JIaHo pasjioxKenne QyHKIUE B cyMMy psja Jlopana B
KOJIbIEe 1" < |2 — a| < R, TO pajnyc CXOAUMOCTH MPaBUJIbHON YacTu 6OJIb-
e 1w paseH R, paauyc CXOAUMOCTH IJIABHOI YaCTU MEHBIIE WM PABEH T
1, yMHOXKast passioxkenne Gyukunu f(z) Ha (z —a)™™, a 3aTeM HOYJIEHHO

uHTerpupys mnpu yaere dbopmya (20), moaygaem, aro

1 f(z)dz
m = 2m’c/ (z —a)mt! (39)

JIJIsT JIIOOOTO TIEJIOTO M, W B Ka9eCTBE p MOXKHO B3ATH JIIOO0E THCIO MEXKLy
r u R. Orcioga BbiTekaeT eduncmeennocms pada Jlopana. B gactnoctu, B
JaJbHENIeM BayKHYIO0 POJIb OyJIeT UrpaTh CJIeyIoNnii KoapOUIMenT psjia
Jlopana:

- / (e (40)

3AJIAYUN

1. Paznoxkuth B psij ﬂopaHa 3aJIAHHYI0 (DYHKIIMIO B OKPECTHOCTU TOYKH

a: a) a=0;0)

1 _ . e®
25 97— 5>a_OO7B> 23’a_0

2. Haiitu ryraBnyio yactb psja Jlopana dpyHkmun w B OKPECTHOCTU

Touku a = 0.

1
3. Paznoxuth B paj Jlopana pyHKINUIO 2> B OKpeCTHOCTH TOUKH a = (.
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19 IzoaupoBaHHBIE OCOObIEe TOYKN

Ocobas mouka GYHKUUL KOMNAEKCHO20 NEPEMEHH020 ITO TOUYKA B KOTOPOIl
OTCYTCTBYeT aHATIUTHIHOCTD. Ocobast Touka pyHKinn f(z) HA3BIBAETCS U30-
AUPOBAHHOT, €CTT B HEKOTOPOH OKPECTHOCTH 3TOi Touku (yHkius f(z) He
uMeeT JPyrux ocodbix Touek. Ilycrh a — ocobasi Touka, u R — paccrosiHue
oT a 110 bKaiiei ocoboit Touku. Paznoxkum f(z) B psiy Jlopana B KosibIie
0 < |z — a|] < R. Pacemorpum Tpu cirytasi.

Cayuwati 1. B psiae Jlopana riaBHast 9acThb OTCYTCTBYET.

Torna, moonpesesnsst Gyukimo f(z) B TOUKe @ MOCPEICTBOM DABEHCTBA
f(a) = ¢, mosryuaeM aHATTMTHIECKYIO B TOUKE G (DYHKIIIO, KOTOPYIO TAKZKE
Oynem obosnadarh depes f(z). Touka a B 9TOM ciiydae HA3BIBACTCS YCMpa-
HUMOT 0c0b60T MouKoT.

IMpumep 19.1. Touxa 0 mis bynkimn 222 yerpanuma n QyHKII

z

sin z .
ML econ z # O;

flz) =

1, ecm z = 0.
AHAJUTUYHA HA BCEl KOMILJIEKCHOI IIJIOCKOCTMU.

ITpennoxkenue 19.2. B ycmpanumoti ocoboti mouke pyrkuus umeem npe-
dea. Haobopom, ecau anarumuveckas Gynkuyui 6 u30Aupo8artoti ocobotl
MovKke 02PAHUMENE, TO IMA 0CODEHHOCTL YCTPAHUMG.

Jlokazamenvcmeo. TlepBast 9acThb MpeJIozKeHns JoKazana sbiie. [lyers f(2)
MMeeT M30JMPOBAHHYIO 0cobeHHOCTh B Touke a u f(2) = g(2) + h(z) — pas-
JIOYKEeHUe Ha IJIABHYIO 1 IIPABUJIbHYTO YacTu B 31oii Touke. Torga h(z) anasm-
THYHA B TOUKe a, a ¢(z) npojoszkaercs Ha Beto obyacts C\ {a} u orpanndena

Ha Geckoneunoctu. Eemu f(z) orpanmdena B Touke a, o u g(2) = f(z)—h(z)
+00

TaKyKe orpaHnyeHa B Touke a. Torma GyHKIus g(% +a)=> ¢ ,(" ananu-
n=1
THYHA Ha BCeii KOMILIEKCHOIT M1ocKocTh 1 orpanudena. [1o Teopeme JInysui-

Jist, 9Ta PYHKIU J0/KHA ObITh KOHCTaHToil. Tak Kak nmpu ( = 0 9ra pyHK-
st odbparaercs B HOJb, TO g = 0. Tem caMbIM TiaBHAsST 9acTh B PA3JI0OYKCHIH
B paj Jlopana dynknuu f(z) orcyrerByer, 9To n TpebOBAIOCH OKA3aTh. [
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Cayuati 2. T'naBuas dyacTb psijia Jlopana HeHyJIeBast 1 COJIEPKUT KOHETHOER
YUCJIO CJaraeMbIX.

Nnmeem:
> n C_1 C_9 C_3 C—m
f(z) = ;cn(z—a) o+ (Z_a)2+ (Z_a)3+...+m, (41)

rie ¢, # 0. B aToMm ciaydae a HasbIBaeTCs noatocom nopadka m. Ecim
m = 1, TO a HA3BIBAETCI NPOCMHLM NOAIOCOM

ITpengoxkenne 19.3. Touka a — noaroc nopadka m mozda u moavko mozada,
Koeda f(z) = %, ede p(z2) anarumuueckas u He pasnas 0 6 mouke a

byrryuA.

IMpensioxkenune 19.4. B cayuae noaoca umeem lim f(z) = oo. Haobopom,
z—a
ECAU BHINOAHEHO IO PABEHCMBEO, MO A — NOMOC,

Jloxasameavcmeo. Eciu lim f(2) = oo, To lim = = 0. CiemosaTenHo,
z—a Z—a f(2)

a — ycTpaHuMas 0COOEHHOCTDL JJisd (PYHKITHH ﬁ 1o npejJjiozkenuto 19.2 n

% = (z —a)"p(2) ans mexkoroporo n > 0 u anajuTHaeckoit yHKIwM Y (2)

Takoif, uro 1(a) # 0. Torpa f(z) = (f_(z)) st (2) = @ — aHAJINTUYECKOH

dyukun B Touke a. Ocraercs NPUMEHUTH IPeJblIyIee pelioKeHune. [

1
2241

ITpumep 19.5. Toukn +7 — npocThie MOJIIOCHI PYHKITUN

Cayuwat 3. I'maBHasg dacTh psga JlopaHa comep:KuT OECKOHEYHOE UKCJIO
CJaraeMbIX.

B sToMm ciydae a HasbIBaeTCs cyuwecmseennoti 0cobot moukoi.

Teopema 19.6 (FO.B. Coxorkoro). Ecau a — cywecmeentas 0cobas mou-
ka dynwrkyuu f(z), mo das awbozo A € C usu A = 0o natidemes nocaedo-
8AMENLHOCTD 2, — a4 makad, wmo f(z,) — A.

Loxaszameavemeo. Ilycrs caagana A = oo. Corsacuo npeioxkenunio 19.2
dbyuximst f(z) He MOXKeT ObITH OrpaHmdeHHON B Touke a. CiiegoBaTebHoO,
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TpebyeMasi oCIe0BaTeIbHOCTE cytectByeT. [lycts Tenieps A € C. Pacemor-
pum bysknmo g(z) = w. Ecsin a yerpanima nin sBiasgeTcs moTocoM s
g(z), To TakoBa ke ona Oyser u st f(z). CiemoBaTesIbHO, @ — CYIIeCTBEHHA
ocobernocts Gyukun g(z). [lycts nocienoBaTebHOCTD 2, — G TAKOBA, UTO
g(z,) — oo. Torna f(z,) — A. O

ITpumep 19.7. Touka 0 — cymiecTBeHHAS OCOOEHHOCTD (DYHKIINN e%, TaK KaK
passioxkenue B psiji Jlopana jist sroit pyukiwn B obstactu C\ {0} umeer Bu

1 1 1
et =14 -+ + ...

2221 233l

. L
,ZLJIH IIocjaeJ0BaTeJIbHOCTU 2, — % nMmeeM: lime= = 00 a IJId IIOCJIeJOBa-

- . .4
TEeJIbHOCTU 2, — 1 -, TAKZKE CXOOdAIIIEeNCda K O nmMeeM. hm €zn — O
n 27’ )

3AJIAYT

1. Haiitu ocobble Toukm (DyHKINE U yKa3aTh UX THII (JJIsT MOJTIOCA YKA3aTh
TaKKe TOPSIJIOK)

Z+2 1 —cosz tg(z — 1)
@) (z—1)2z(z+1) ) 2t °) z—1
1 1
d) tg P e) tg’z f) PR

2. dwnsercs m Touka () N30 IMPOBAHHON 0COOEHHOCTHIO J/Ist (DYHKIINN
1 o1
a) tg -, 6) sin 2?7

3. ABnserca jin beckoHevHO yatennas Toukal) N30 MPOBaAaHHON 0COOEHHO-
cTbio Jist pyHKINY a) tg 2, 6) €.

4. HaiiTi moc/ie1oBaTeIbHOCTD 2, — 00 TakKyto, 4To a) lim(sin z,) = 0, 6)
lim(sin z;,) = oo, B) lim(sin z,,) = 1.
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20 OcHoBHag TeopeMa O BbIUeTax

Omnpenenenue 20.1. IIycTb B IPOKOJIOTON OKPECTHOCTU TOUKU @ (DYHKITHA
f(2) amanuruuna. Torma Besmanny

Reslf(2),0] = 5 - ;4 /() de, (42)

|z—al=p

rIe p — JOCTATOYHO MAJIOE MOJIOZKUTETHLHOE YUCII0, OyIeM HA3BIBATD GbI4emoM
dynruuu f(z) 6 mouxe a.
Beraerom pyHKIME OTHOCUTETLHO OECKOHETHO Y IaJIeHHO TOYKN CUNTaeM
1
Besnanny 7= ¢ f(2)dz, rae C' — OKPyzKHOCTB C IEHTPOM B Hadase KOOD/l-
C_

HAT Takas, ITO BHE KpyTa, ONPEJEJISEMOro 3TOH OKPYZKHOCTBIO, (PYHKITHS
f(2) ocobennocTeii He MMeeT.

[IepBuunbIe CJIeJCTBUSA 9TOrO OIPEACICHN CJIeayIoIIue:
A) sviuem He 3asucum 0M BEAUNUHDL P;

B) ewuem cosnadaem c woapduyuermom c_1 pada Jlopana dyrxuyuu f(z)
6 Koavue 0 < |z —al < p (cm. dopmysy (40));

B) ecau f(2) anasumuvna 6 movke a usu a — YCMpanumas 0coberHnocmo,
mo eviuem 6 netl pasen 0.

IMpeniioxkenune 20.2. [Tycmov a — noatoc nopadka m gynruuu f(z). Toeda

Res[f(2).a] = —— lim -~ [(z — a)" f(2)] (43)

(m—1)! 2—adzm!

Joxazamesvcmeo. Ecim a — moioc mopsjika m, TO

f(z):(z:—a)’”+"'+z:a+g(z)’

rie ¢(z) — npaBujIbHAsI YaCTb, T. €. aHaJUTHYeCKast (PYHKIUS B TOYKE .
Torna

(z—a)"f(2)=cpm+...+c1(z—a)" 4+ (2 —a)"g(2).
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Hudpdepentupys 3ro coornormenne m — 1 pas, Moy dnM:

e = a)"F(2)] = m — Dle s + h(2),

riae h(a) = 0. [epexonst k npesesty u pasienus Ha (m — 1)), mogyaum Tpe-
oyeMyto (bopMmyity. H
OTMeTuM YacTHBI ciiydaii IIpoCTOro moJoca,

ITpeanoxenue 20.3. [Tycmov a — npocmoti noaoc gynkyuu f(z). Toeda

Res[f(2),a] = lim(z — a) f(2) (44)

zZ—a

cmu mowku a u g(a) # 0, h a) = 0, h'(a) # 0, mo a — npocmoti noaoc
u

B wacmmocmu, ecau f(z) = L2 20e g(z), h(2) anarumuune 6 oxpecmmo-
)

Res[/(2), a] = 2,((2)) (45)

Joxazamensvemeo. Tpebyer j1okazaTe/bCTBa TOJIBKO YTBEp:KIeHIe "B dacT-

noctn". U3 yenosusa coenyer, aro h(z) = (2 — a) - s(z) s HekoTopoit ana-

murmanoit Gynkuun s(z) raxoit, uto s(a) # 0. Torna f(z) = = - % i

9(@) = 0. CiiesioBaTesibHO, @ — MPOCTOIl 1oJoc. Jlasee, mepexois B CJeIyro-
S(a) . ) . )
meM COOTHOIIEeHNI

K Ipejety 2z — a, nojydaeM popMyIy Res[f(z), CL] - ]f'((z))' -

Teopema 20.4 (ocHOBHasi 0 BbraeTax). [lycmov f(z) anarumuyuna 6 3a-
MEHYMOT obaacmu D, kKpome movex ay, ag, ..., Gy, ACACQUUT SHYMPU 0010~

cmu D. Toeda

- f(2)dz = 2mi(Res[f(2), a1] + Res[f(2),as] + ... + Res[f(z), an]) (46)
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Joxazameavcmeo. Ilyctb cq,¢o,. .., Cp — OKPY2KHOCTH JOCTATOYHO MaJIbIX
PaJINyCcoOB C IIEHTPaMI B TOYKaX a1, ds, . . ., A, Takne, 910 Kpyra Ki, ..., K,
VMU OTPaHNYUBAEMbIe, TIeJIMKOM Jiexkar BHyTpu obiactu D. Torga f(z) ana-
mutnaaa B obimactn D\ (K7 U ... U K,,) u no teopeme Ko nveer mecto

PABEHCTBO:
]{ f(z)dz = 0.
O0D—ci—...—cm,

oD fe)dz = j€1+...+cm fz)dz =

Orcrona caeayer, 9To

:%f(z)der...%—j{ f(z)dz =2miRes|[f(2),a1]+...+2mi Res[f(2), an],

YTO U TpedOBAJIOCh J0KA3aTh. ]

IIpumep 20.5. BoruncamMm nnrerpad:

/| d = ori [Res( ! 0) + Res( ! , 1)} -

o 23 =522 + 4z 23— 522 + 47

) 1 fot 1 ) b (11 i
=2mM | ————/s0t ——</=1| =2m |~ — = | = ——.
2—524+4"77"0 " 2z — )/ 1 3 6

21 DBpluuciieHne MHTerpaJioB C IOMOIIbIO BbIYETOB

ITpenmoxxenne 21.1. IIpednosootcum, wmo beckoHeuHo YyoarerHas moywka
ABAACTNCA HYAEM 6MOP020 UAU DoAee 6ICOK020 nopadka dynkuyuy f(z), m.e.
pasnooicenue 6 pad Jlopana 6 okpecmmocmu oo umeem 6ud

C_9 C_3 C_4
f( ) ~2 ~3 4

Jlonycmum maxorce, wmo f(2) asasemcea anasumuneckots gyrnryued Ha deti-
cmeumesvrotl ocu, a 6 seprrets noaynaockocmy Imz > 0 umeem auwo
KOHEUHOE YUCAO 0COOBIT MOYEK A1, A3, ..., Ay. 10200

/ (@) do = 2ri i Res[f(2), a] (47)

68



Jlokasamenvcmeo. Bee siexkaliye B BepxHell TOJYILIOCKOCTH OCOObIE TOYKH
MOKHO 3aKJI0YNTH BHYTPh PACIIOJIOKEHHOTO B BepXHEll TOJIYIIIOCKOCTH TI0-
JIYKPYTa JIOCTATOYHO OOJIBINOro pajuyca R ¢ IMeHTpoM B HadaJie KOOp/INHAT.
[To ocHOBHOIT TeopeMe O BbIYETAX IOJTydaeM

+R N
/f(z) dz + / f(z)dr = 2mi ZRes[f(z),aj], (48)
L "R 7=l

rjie L — Bepxiss HOJIyOKPYZKHOCTD pajyca R, mpoxoumast IpOTHB YacoBoil
crpenkn. Tak kak f(z) = @, rie g(z) — orpanmdena Ha OECKOHETHOCTH,

HanpuMmep, ancaom M, To

/f(z)dz = /g(z)dz S%-WR:%—W)
L L

npu R — +oco. Torga, nepexonst B coorromennn (48) k mpegeny R — +00,
oJIy9aeM TpeOyeMoe paBEeHCTEO. O

IIpumep 21.2. Beraucaum mHTErpa:
400 J
x 1 7r
M 9miRes|———— ] = 2mi(—1/4i) = ~.
/ R i es[(z2+ 1)2,2] mi(—1/41) 5
—0o0
IMpennoxenne 21.3 (temma 2Koppana). [Hycmo f(2) = ™ F(2), npu-
wem m > 0, u F(z) — 0, ko2da z — 00 no a0060My 3aK0HY, 0CMABAACY,
odnako 6 obaacmu Imz > 0. Ipednorostcum, kpome moeo, umo f(z) ana-

AUMUYHG, G 6 GEPTHET NOAYNAOCKOCTIU UMEEM, HE DoAee KOHEUH020 YUCAA
0COOBLT MOYEK A, A3, ..., Apn. 10200

/ f(x)dr =2mi Z Res|f(2), a;] (49)

ITpumep 21.4. Borauciaum uHTErpaJ:

+00 +00 . :
T cosxdr ze* dz zel?
= = Re<2mi R 1+ 3 =
/x2—2$—|—10 /z2—22—|—10 e{ i eslz2—2z+1o’ * Z]}
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(1 + 3i)e 3 T _4 :
e{ i > 3¢ (cos sinl)
ITpumep 21.5 (Uuarerpana Jdupuxie). Boraucmum cieryomuii mHTErpat:
T, 1 i (53
/ MY e = —Re / C dx
x 2 x
0 —00

NnmeemM:

+oo | .
1x 1z
e _ e .
—dx = mi Res | —,0| = mi.
x z
—0

Orcrojia ciiejlyeT paBeHCTBO:

—+00

/ sma:dx _ z
T 2

0

3AJIAYN

1. HaitTn BeI9eTHI Caeayronux (yHKIINiT OTHOCUTEIHLHO KayK 10T U3 TOJIIO-

COB a) Z;f;, 0) m, B) tgz, ) 22

2. Haiitu Bbruersl oTHOCHTETHHO TOUKE () DYHKITHIT &) el/z, 0) cos1/z,
B) sinl/z.

dz dz
3. Borancints a) §x2+y2=2w g 0) f$2+y2:2x+2y ek

4. BBIIUCIUTD € TOMOIIBIO BEIYETOB MHTErPaJIbl (PYHKIINI JIeHCTBUTE/IHLHO-
+00 5 +00 i +o00 p
. 41 . cosx dx . xsinx dx
ro IepeMeHHoro: a) f x4—+1dl‘, 6) f 2219 B) f 2+ 42120°
—00 0 —00
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70



[JID | TJL. Jlysn, JI.9. Dabcrosibi. OyHKINE KOMILIEKCHOTO TI€PEMEHHOTO.
C-116, 2002.

[JIIIT | M.A. JlaBpentwes, B.B. I[lladbar. Merojpl Teopun GyHKIU KOM-
IJIeKCHOro repementoro, I'ocrexmsaar, 1951

71



